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Abstract 



> 

(<— ^ ' General Lagrangians are constructed for N=2 conformal supergravity theories in four 

^^ ' space-time dimensions involving gauge groups with abelian and/or non-abelian electric 

• I and magnetic charges. The charges are encoded in the gauge group embedding tensor. 

O \ The scalar potential induced by the gauge interactions is quadratic in this tensor, and, 

when the embedding tensor is treated as a spurionic quantity, it is formally covariant 
with respect to electric/magnetic duality. This work establishes a general framework 

k><( \ for studying any deformation induced by gauge interactions of matter-coupled N=2 

H ' supergravity theories. As an application, full and residual supersymmetry realizations 

in maximally symmetric space-times are reviewed. Furthermore, a general classifica- 
tion is presented of super symmetric solutions in AdS2 x S"^ space-times. As it turns 
out, these solutions allow either eight or four supersymmetries. With four supersym- 
metries, the spinorial parameters are Killing spinors of AdS2 that are constant on 5^, 
so that they carry no spin, while the bosonic background is rotationally invariant. 



1 Introduction 

In four space-time dimensions, Lagrangians with abelian gauge fields have generically less sym- 
metry than their corresponding equations of motion. The full invariance group of the combined 
field equations and Bianchi identities in principle involves a subgroup of the electric/magnetic 
duality group, Sp(2n,M) for n vector fields, suitably combined with transformations of the matter 
fields. Subgroups of the symmetry group of the Lagrangian can be gauged in the conventional 
way by introducing covariant derivatives and covariant field strengths. Introducing gauge groups 
which involve elements of the electric/magnetic duality group that do not belong to the symmetry 
group of the Lagrangian, are not possible in this way. 

To circumvent this problem, one may therefore first convert the Lagrangian by an elec- 
tric/magnetic equivalence transformation to a different, but equivalent, Lagrangian that has the 
desired gauge group as a symmetry. However, this procedure is cumbersome. One reason for 
this is that the gauge fields in the old and in the new electric/magnetic duality frame are not 
generically related by local field redefinitions. The effect of changing the duality frame is there- 
fore not straightforward, and it is by no means trivial to explicitly obtain the new Lagrangian 
(see e.g. [1]). A related aspect is that, when the gauge fields belong to supermultiplets, their 
relation with other fields of the multiplet will be affected by changes of the duality frame, unless 
one simultaneously performs corresponding redefinitions of these fields as wello The modern 
embedding tensor approach circumvents all these problems by introducing, from the start, both 
electric and magnetic gauge fields as well as tensor gauge fields. In this approach the gauge group 
is not restricted to a subgroup of the invariance group of the Lagrangian, but it must only be 
a subgroup of the symmetry group of field equations and Bianchi identities. The formalism is 
straightforwardly applicable to any given Lagrangian, and the gauge group is only restricted by 
two group-theoretical constraints on the embedding tensor [3] . 

In this paper we study general gaugings of A^ = 2 supergravity theories based on vector 
supermultiplets and hypermultiplets. Because these theories can generally be studied by means 
of the superconformal multiplet calculus [H El E] , it suffices to understand the embedding tensor 
framework in the context of conformal supergravity. This study is facilitated by the fact that the 
embedding tensor framework has already been considered for rigid N = 2 supersymmetric gauge 
theories [7]j without paying particular attention to the class of superconformally invariant models. 
The purpose of the present paper is to fill this gap by presenting a comprehensive treatment of 
the embedding tensor method in the context of locally supersymmetric N = 2 theories. 

Theories with N = 2 supersymmetry are special with respect to electric/magnetic duality. 
For A^ = 1 supersymmetry the transformations of the matter fields under electric/magnetic du- 
ality, and thus under the gauge group, are not a priori defined, and will depend on the details of 
the model. On the other hand, in theories with N > 2 supersymmetries all of the matter fields 
are closely linked to the vector fields, because they belong to common supermultiplets. Theories 



^One way to circumvent this is by describing the scalar fields in terms of sections whose parametrization is 
linked to a specific frame (see, for instance, 2j)- 



with N = 2 super symmetries are exceptional in that they exhibit both of these characteristic 
features. The complex scalars belonging to the vector multiplets transform in a well-defined way 
under electric/magnetic duality so that the Lagrangian will retain its standard form expressed 
in terms of a holomorphic function, while the scalars of the hypermultiplets have no a priori 
defined transformations under electric/magnetic duality. Prior to switching on the gauging, the 
hypermultiplets are invariant under some rigid symmetry group that is independent of the elec- 
tric/magnetic duality group. Once the gauge group has been embedded in the latter group, 
then one has to separately specify its embedding into the symmetry group associated with the 
hypermultiplets. 

The embedding tensor approach of [3j makes use of both electric and magnetic charges and 
their corresponding gauge fields. The charges are encoded in terms of an embedding tensor, which 
specifies the embedding of the gauge group into the full rigid invariance group. This embedding 
tensor is treated as a spurionic object (a quantity that is treated as a dynamical field, but that is 
frozen to a constant at the end of the calculation) , so that the electric/magnetic duality structure 
of the ungauged theory is preserved when the charges are turned on. Besides introducing a set 
of dual magnetic gauge fields, also tensor gauge fields are required transforming in the adjoint 
representation of the rigid invariance group. These extra fields carry additional off-shell degrees 
of freedom, but the number of physical degrees of freedom remains the same owing to extra gauge 
transformations. Prior to [3] it had already been discovered that magnetic charges tend to be 
accompanied by tensor fields. An early example of this was presented in [8], and subsequently 
more theories with magnetic charges and tensor fields were constructed, for instance, in [9l[Tm[TT]. 
mostly in the context of abelian gauge groups. The embedding tensor approach has already been 
explored for many supersymmetric theories in four space-time dimensions. For instance, it was 
successfully applied to A'' = 4 supergravity [12] and to A^ = 8 supergravity [13]. More recently 
it has also been discussed for A^ = 1 supergravity [14J. In [7| some applications to A^ = 2 
supergravity were already presented, under the assumption that the conformal multiplet calculus 
[H O E] is applicable. As it turned out, the results of the embedding tensor approach confirm 
and/or clarify various previous results in the literature, especially for abelian gaugings [T5l [T6] . 
The embedding tensor is ideally suited for the study of flux compactifications in string theory 
(for a review, see [H]). Recently it was successfully employed in a study of partial breaking of 
A^ = 2 to A^ = 1 supersymmetry (Tgl ITU] . 

The supersymmetric Lagrangians derived in this paper incorporate gaugings in both the vector 
and hypermultiplet sectors. The vector multiplets are initially defined as off-shell multiplets, but 
the presence of the magnetic charges causes a breakdown of off-shell supersymmetry. Of course, 
conventional hypermultiplets based on a finite number of fields will not constitute an off-shell 
representation of the supersymmetry algebra irrespective of the presence of charges. We refer to 
a more in-depth discussion of the off-shell aspects of the embedding tensor method in |7], where a 
construction was presented in which the tensor fields associated with the magnetic charges were 
contained in a tensor supermultiplet. 

Besides giving a comprehensive treatment of the embedding tensor formalism in the context 



of local N = 2 super symmetric theories, we also present two applications to illustrate how the 
embedding tensor formalism can be used to obtain rather general results about realizations of A^ = 
2 gauged supergravities. One concerns the super symmetric realizations in maximally symmetric 
spaces. In flat Minkowski space, it was established that residual supersymmetry is only possible 
in the presence of magnetic charges |201 \2T\ [22l [23l I24j . Here, we therefore briefly review the 
situation in the context of the embedding tensor approach, where it is natural to have both 
electric and magnetic charges. 

A second application deals with supersymmetric solutions in AdS2 x 5*^ space-times. Here 
we establish that there exist only two classes of supersymmetric solutions. One concerns fully 
supersymmetric solutions. It contains the solutions described in [25] as well as the near-horizon 
solution of ungauged supergravity that appears for BPS black holes. The other class exhibits 
four supersymmetries and these solutions may appear as near-horizon geometries of BPS black 
holes in A^ = 2 gauged supergravity. Interestingly enough, solutions in AdS2 x 5^ with only two 
supersymmetries are excluded. The spinor parameters associated with the four supersymmetries 
are AdS2 Killing spinors that are constant on 5*^, so that they carry no spin. Nevertheless the 
bosonic background is rotationally invariant. The spin assignments change in this background, 
because the spin rotations associated with the 5^ isometrics become entangled with R-symmetry 
transformations, a phenomenon that is somewhat similar to what happens for magnetic monopole 
solutions where the rotational symmetry becomes entangled with gauge transformations [26j. In 
the superconformal perspective, these solutions have R-symmetry connections living on 5^, and 
this explains the geometric origin of the entanglement. It is to be expected that the near-horizon 
geometry of a recently presented static, spherically symmetric, black hole solution [271 [28] will 
coincide with one of the solutions described in this paper. The results of this paper then imply 
that this black hole solution must exhibit supersymmetry enhancement at the horizon. 

This paper is organized as follows. In section [2] we recall the relevant features of A^ = 2 
vector multiplets and electric/magnetic duality in the context of conformal supergravity, and 
we introduce the electric and magnetic gauge fields. Hypermultiplets, hyperkahler cones and 
their isometrics are introduced in a superconformal setting in section [3l In section U] we present 
the relevant Lagrangians for matter fields coupled to conformal supergravity. Section [5] contains 
a discussion of the possible gauge transformations, the electric and magnetic charges, and the 
embedding tensor. In section[U]we describe the introduction of tensor fields, needed in the presence 
of general charge assignments. Section [7] deals with the algebra of superconformal transformations 
in the presence of a gauging. It presents the extra masslike terms and the scalar potential in the 
vector multiplet and hypermultiplet Lagrangians that are induced by these gaugings. Finally, in 
section [5] we summarize our results and review two applications. Readers who are not primarily 
interested in the more technical details of the embedding tensor formalism, can proceed directly 
to this section. We have refrained from collecting additional information in an appendix and refer 
instead to the appendices presented in [29]. 



2 Superconformal vector multiplets and electric/magnetic duality 

Vector supermultiplets in four space-time dimensions with N = 2 supersymmetry can be de- 
fined in a superconformal background. Consider n + 1 of these multiplets, labeled by indices 
A = 0,1,..., n. Vector supermultiplets comprise complex scalar fields X^, gauge fields VF^^, 
and Majorana spinors which are conveniently decomposed into chiral and anti-chiral compo- 
nents: spinors Qi have positive, and spinors Q have negative chirality (so that j^Qi = ilj 
and 7^0*^ = — $7*^). The spinors carry indices i = 1,2, and transform as doublets under the 
R-symmetry group SU(2). This group is realized locally with gauge fields belonging to the su- 
perconformal background, as we shall discuss below. Furthermore there are auxiliary fields Yij , 
which satisfy the pseudo-reality constraint {Yij )* = e e^ Yki , so that they transform as real 
vectors under SU(2). The tensors -F^ are the (anti-)selfdual (complex) components of the field 
strengths, which will be expressed in terms of vector fields W^^. The supersymmetry transfor- 
mations of these fields will depend on the superconformal background. 

Before presenting the supersymmetry transformations of the vector multiplets, we first spec- 
ify the superconformal background fields, which comprise the so-called Weyl supermultiplet, 
and their relation to the superconformal transformations. The latter contains the generators 
of general-coordinate, local Lorentz, dilatation, special conformal, chiral SU(2) and U(l), super- 
symmetry (Q) and special supersymmetry (S) transformations. The gauge fields associated with 
general-coordinate transformations {e^""), dilatations (6^), chiral symmetry (V^*j and A^) and 
Q-supersymmetry (■0^*) are independent fields. The remaining gauge fields associated with the 
Lorentz (w^" ), special conformal (/^") and S-supersymmetry transformations {4'^'^) are depen- 
dent fields. They are composite objects, which depend on the independent fields of the multiplet 
[U El E]. The corresponding supercovariant curvatures and covariant fields are contained in a 
tensor chiral multiplet, which comprises 24 + 24 off-shell degrees of freedom. In addition to the 
independent superconformal gauge fields, it contains three other fields: a Majorana spinor doublet 
X*, a scalar D, and a selfdual Lorentz tensor Tabij, which is anti-symmetric in [ab] and [ij]. We 
refer to the appendices in [2S] for an extended summary of the superconformal transformations 
of the Weyl multiplet fields, the expressions for the curvatures and other useful details. 

The transformations of the vector multiplet fields under dilatations and chiral transformations 
are given in table [TJ Under local Q- and S-supersymmetry they are as follows [l], 

6X^ = e%^ , 
SW^^ = e'^eii^^n,^ + 2 ^^,X^) + e^/{^^n^^ + 2 ^^^X^) , 
Sni^ = 2pX\i + ^jt^'^F-,%e^ + y,/e^' + 2X\ , 
5y,/ = 2 %|)^/ + 2 e.kSji e^'^pn'^^ . (2.1) 

Here e* and e^ denote the spinorial parameters of Q-supersymmetry and ??* and r]i those of S- 
supersymmetry. The field strengths .F^jy"^ = 2d[^W^]^ are contained in the supercovariant com- 
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Table 1: Weyl and chiral weights of the vector multiplet fields. 
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The full superconformally covariant derivatives are denoted by D^, while V^ will denote a covari- 
ant derivative with respect to Lorentz, dilatation, chiral U(l), and SU(2) transformations. As an 
example of the latter, we note the definitions. 
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We now assume an holomorphic function F{X) of the fields X , which is homogeneous of 
second degree, i.e. F{XX) = A^F(X), for any complex parameter A. As is well known [301 [5], 
such a function can be used to write down a consistent action for the vector multiplets in the 
superconformal background provided by the Weyl multiplet fields. Rather than to determine this 
action, we first consider an extension of the field representation that will facilitate the treatment of 
electric/magnetic duality in the presence of non-zero gauge charges. Since this duality ultimately 
involves the equations of motion, it will be essential that the action exists, but for the purpose 
of this section it is not necessary to display its precise form. 

In the absence of charged fields, abelian gauge fields Wfj,^ appear exclusively through the field 
strengths, F^,y^ = Id^fj^W^]^. The field equations for these fields and the Bianchi identities for 
the field strengths comprise 2(n + 1) equations, 



(^[ti^up] — — d[^Gi,p] A , 



(2.4) 



where 



^fiu A — 16 Spupa 
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(2.5) 



At this point we cannot give the form of Gf^^A, because we have not yet specified the action. 
Instead, we will extract its definition below by using super symmetry. 

It is convenient to combine the tensors F^^ and G^^a into a (2n + 2)-dimensional vector. 
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(2.6) 



so that (|2.4p reads 9[^Gi,p] = 0. Obviously these 2(n + 1) equations are invariant under real 



2(n + l)-dimensional rotations of the tensors G^y , 





(2.7) 



Half of the rotated tensors can be adopted as new field strengths defined in terms of new gauge 
fields, and the Bianchi identities on the remaining tensors can then be interpreted as field equa- 
tions belonging to some new Lagrangian expressed in terms of the new field strengths. In order 
that such a Lagrangian exists, the real matrix in ()2.7p must belong to the group Sp(2n + 2;IR). 
This group consists of real matrices that leave the skew-symmetric tensor Quin invariant. 




The conjugate matrix Q, is defined by il. Q^p = —5 p. Here we employ an Sp(2n + 2;M) 
covariant notation for the 2(n + l)-dimensional symplectic indices M,N,..., such that Z = 
{Z ,Zy:)- Likewise we use vectors with lower indices according to Ym = {Y\,Y'^), transforming 
according to the conjugate representation so that Z^^ Ym is invariant. 

The Sp(2n + 2;M) transformations are known as electric/magnetic dualities, which also act on 
electric and magnetic charges (for a review of electric/magnetic duality, see 11] ). The Lagrangian 
depends on the electric/magnetic duality frame and is therefore not unique. Different Lagrangians 
related by electric/magnetic duality lead to equivalent field equations and thus belong to the same 
equivalence class. These alternative Lagrangians remain super symmetric but because the field 
strengths (and thus the underlying gauge fields) have been redefined, the standard relation be- 
tween the various fields belonging to the vector supermultiplet, encoded in (|2.1|) . is lost. However, 
upon a suitable redefinition of the other vector multiplet fields (possibly up to terms that will 
vanish subject to equations of motion) this relation can be preserved. It is to be expected that the 
new Lagrangian is again encoded in terms of a holomorphic homogeneous function, expressed in 
terms of the redefined scalar fields. Just as the Lagrangian changes, this function will change as 
well. Hence, different functions F{X) can belong to the same equivalence class. The new function 
is such that the vector X = {X ,F\) transforms under electric/magnetic duality according to 

J • (2.9) 

Waj, Vk^I \f^) 

The new function F{X) of the new scalars X follows from integration of (j2.9p and takes the 
form 

F{X) =F{X) - \X^Fk{X) + \{U^W)kj:X^X^ 

+ UU'^V + VF^Z)a^X^Fs(X) + UZ^V)^^Fp,{X)F^{X) . (2.10) 




There are no integration constants in this case because the function must remain homogeneous 
of second degree. 

In general it is not easy to determine F{X) from ()2.10p as it involves the inversion of X = 
U Y,X^ + Z Fy.{X). As we emphasized in section [H this is the reason why one prefers to avoid 
changing the electric/magnetic duality frame. The duality transformations on higher derivatives 
of F{X) follow by differentiation and we note the results, 

FaMX) =FsAn[S-^fA[S-Y^[S'Tr, (2.11) 



where 



5^E = iJ^ = t/^E + ^^^Frs. (2.12) 



dx^ 

It is also convenient to introduce the symmetric real matrix, 

iVAE = -ii^AS + ii^AS , (2.13) 

whose inverse will be denoted by N^'^, and which transforms under electric/magnetic duality 
according to 

iVAE(l,l) = Nta [5-Ta [S-']\ . (2.14) 

To determine the action of the dualities on the fermion fields, we consider supersymmetry 
transformations of the symplectic vector X^'^ = {X , F^), which can be written as SX^'^ = e^Qi^^ , 
thus defining an Sp(2n + 2;M) covariant fermionic vector, Qi^ 



"i ) 



n,''^ =1 ^'\\ . (2.15) 

Complex conjugation leads to a second vector, f]**^, of opposite chirality. From ()2.15p one derives 
that, under electric/magnetic duality, 

ni^ = s\ni''. (2.16) 

Note the identity 

nMNX'^'rii^ = 0, (2.17) 

which also implies that supersymmetry variations of Qi^'^ are subject to ^mn ^^^ 6^i^ = up to 
terms quadratic in the vector multiplet spinors. This observation explains some of the identities 
that we will encounter in due course. 

The supersymmetry transformation of ilj follows from (j2.ip . and we decompose it into the 
following form, 

Sn,^ = 2pX^ei + \^^^-G-,''eij e^ + Z,,'' e^ + 2 X^r/, . (2.18) 

From this the existence follows of a symplectic vector of anti-selfdual super covariant field strengths, 

g;.^ = [^r'''\ ■ (2.19) 



where G^^^ = F^^^, with F^^^ defined in (I2.2p . and G f^ is defined by, 

G-.A = Ff^^Filu^ - I^Asr ^^^l,u^J^ e^' ■ (2.20) 

We can also define a second symplectic array of anti-selfdual field strengths, 

g;/^ = h''\ , (2.21) 

with G^y^ = Ff^i,^. The second component, G^i/A, then follows from the identification (compare 
to the decomposition ()2.2p ). 

- \{X^' r,,„, e'^ + X^' T^y'^ e^j) . (2.22) 

This implies the following decomposition for G^^^ (and likewise for G^^^), 



VA - -^ Aij-^^i. - 210^;,^ 



G- A = FaeF- ^ - 2iO- ^ , (2.23) 



with 



- INa^X"" eijip;Y"-f^,%bJ + INa^X^ Vsij . (2.24) 

Note that the homogeneity of F{X) is crucial for deriving these results. The definition (|2.22p 
shows that also (F^v , G^j/s) transforms as a symplectic vector under electric/magnetic duality. 

Consistency requires that the field strengths G^^,*^ satisfy a Bianchi identity. While G^u 
clearly does, it is not obvious for the field strengths G^^a- The latter Bianchi identity can, how- 
ever, be provided by the field equation for the vector fields following from some super symmetric 
action. In that case G^^^a will coincide with (I2.5p . We shall verify in section [4] that this is indeed 
the case for the action encoded in the holomorphic function F{X). It should be obvious that 
also the field strengths G^i/*^ satisfy a Bianchi-type identity, but of a more complicated form. 
Identities of this type have been presented in [3] for G^y^. 

To summarize, both the fields strengths G^u^'^ and G^^^^ transform as a symplectic vector 
under duality, and they differ in their fermionic terms and in terms proportional to the selfdual 
and anti-selfdual tensor fields TaUj and Tab^^ , respectively. The supercovariant field strengths 
G^u^^ appear in the supersymmetry transformation rules of the fermions, while the field strengths 
Gfj.y'^^ , when constrained by the standard Bianchi identities, imply that F^^ can be expressed 
in terms of a vector potential VF^ , and is subject to corresponding field equations. 

Regarding the quantities Zij , that also follow from ()2.18p . we have a similar situation. They 
are defined by 

Zij^ = i ^'' I , (2.25) 

Uae i^^,^ - ^i^Asr f^i^^/ 



which suggests that Zij transforms under electric/magnetic duahty as a symplectic vector. 
However, this is only possible provided we impose a pseudo-reality condition on Zij\. This 
constraint can also be understood as the result of field equations associated with a supersymmetric 
action, whose Lagrangian will be presented in the next section HI 

From the fact that the field strengths G^yf^ are subject to a Bianchi identity, it follows that 
they can be expressed in terms of magnetic duals W^a. Hence we introduce these magnetic gauge 
fields, whose role will eventually become clear in the context of the embedding tensor formalism 
which will be introduced in due course. Together with the electric gauge fields W^ , the magnetic 
duals constitute a symplectic vector, W^^ = iW^^, ^m)' where G^^^ = Id^^W^^^ . As we shall 
see, this relationship is, however, not exact and the identification is subject to certain equations of 
motion. The supersymmetry transformations of W^^^ are conjectured to take a duality covariant 
form, 

SW/' = e'^eii^^n,'' + 2 ^f,jX^') + Siji'i^^n^ "" + 2 V^""") • (2-26) 

Observe that, with this transformation rule, the field strengths G^,^^^ are super covariant. As 
mentioned above, G^^A and 2d[^Wi,]j<^ are not identical! This can be seen by calculating the 
supersymmetry variation of 2 9u W^^u and showing that it only coincides with the supersymmetry 
variation of (j2.23p up to equations of motion. In the presence of gauge charges in the context of 
embedding tensor formalism, the Lagrangian can depend simultaneously on electric and magnetic 
gauge fields, as is described in later sections. 

The consistency, up to equations of motion, of introducing dual gauge fields W^a is also con- 
firmed when considering the closure of the supersymmetry algebra, based on ()2.26p . Although 
we started with an off-shell definition of the vector multiplets, so that all superconformal trans- 
formations will close under commutation without imposing the equations of motion, this is not 
necessarily the case for the newly introduced gauge field W^a- Before discussing this in detail we 
present the decomposition of the commutator of two infinitesimal Q-supersymmetry transforma- 
tions, with parameters ei and 62, 

[6{ei),6ie2)] = ^D^ + ^Mie) + SKiAx) + 63(7]) + <5gauge(A*^) , (2.27) 

where the parameters of the various infinitesimal transformations on the right-hand side are given 
by 

^^=2eV7^eH + h.c., 
e"''=eiVr% + h.c., 
A^ = ei^e2^' D,T% - | eaS'eii D + h.c. , 

A^ =iX^'e2'ei^eij+h.c., (2.28) 

where the first term proportional to ^^ denotes a super covariant translation, i.e. a general coor- 
dinate transformation with parameter ^^, suitably combined with field-dependent gauge trans- 
formations so that the result is supercovariant. The terms proportional to A denote the abelian 



gauge transformation acting on both the electric and the magnetic gauge fields W^ . This result 
was already known for all the fields [3] , except for W^a ■ The validity of (j2.27p on W^a can be de- 



rived in direct analogy with the calculation of the commutation relation on W^ , upon replacing 
G^^A by 2(9[^Ty^]A. 

The electric/magnetic duality transformations define equivalence classes of Lagrangians. A 
subgroup thereof may constitute an invariance of the theory, meaning that the Lagrangian and 
its underlying function F{X) do not change [S1[3T]. More specifically, an invariance implies 

F{X) = F{X), (2.29) 

so that the result of the duality leads to a Lagrangian based on F{X) which is identical to the 
original Lagrangian. Because F{X) ^ F{X), as is obvious from (j2.10p . F{X) is not an invariant 
function. Instead the above equation implies that the substitution X — t- X into the function 
F(X) and its derivatives, induces precisely the duality transformations. For example, we obtain, 

Fa{X) = Va^F^{X) + Wa^X"" , 
Fa^{X) = {VA^Frs + Was) [S-^fj: , 
FaMX) = F^AU [S-'fA [S-']\ [S-^r ■ (2.30) 



Another useful transformation rule is, 

O-uK = 0;.E [S-'?K ■ (2.31) 

In section [5] we are precisely interested in this subclass of electric/magnetic duality transforma- 
tions, as these are the ones that can be gauged. 

3 Superconformal hypermultiplets 

In this section we give a brief description of hypermultiplets and their isometries, following the 
framework of [32]. The tt-h + 1 hypermultiplets are described by 4(nH + 1) real scalars (j) , 
2(nH + 1) positive-chirality spinors C" and 2(nH + 1) negative-chirality spinors C°^. Hence target- 
space indices A,B,... take values 1,2,..., 4(nH + 1), and the indices a, /3, . . . and a, /3, . . . run 
from 1 to 2(nH + 1). The chiral and anti-chiral spinors are related by complex conjugation (as 
we are dealing with 2(nH + 1) Major ana spinors) under which indices are converted according to 
a -^ a. 

For superconformally invariant Lagrangians, the scalar fields of the hypermultiplets parametrize 
a 4(nH + l)-dimensional hyperkahler cone |33 1 l34 1 [32 t l35]. Such a cone has a homothetic conformal 
Killing vector x > 

Dax"" = Sa"" , (3.1) 

which, locally, can be expressed in terms of a hyperkahler potential x (in later sections denoted 

by Xhyper), 

XA = dAX- (3.2) 

10 



The cone metric can thus be written as qab = DaObX- This relation does not define the 
metric directly, because of the presence of the covariant derivative which contains the Christoffel 
connection. We also note the relation 

X = iffABxV- (3.3) 

Hyperkahler spaces have three hermitian, covariantly constant complex structures Jij = Jji, 
satisfying the algebra of quaternions, 

JijAB = {J'^abT = e^kejiJ^^'AB , J'^a"" J'^cb = ie'('e')^' 9ab + e^'^' f^^^B • (3.4) 

As it turns out, the hyperkahler potential serves as a Kahler potential for each of the complex 
structures. 

Hyperkahler cones have SU(2) isometries; the corresponding Killing vectors are expressed in 
terms of the complex structures and the homothetic Killing vector, 

hj"^ = J^J^^ XB , (3.5) 

from which it follows that 

DAk'^B = -J''AB. (3.6) 

From the above results, it follows that the homothetic Killing vector x &^d the three SU(2) 
Killing vectors k^^ are mutually orthogonal, 

x\a = 2x, fc,/fc% = <5(><5,)'x, X^k''A = 0. (3.7) 

The hypermultiplet fields transform under dilations, associated with the homothetic Killing 
vector, and the SU(2) x U(l) transformations of the superconformal group, with parameters Ad, 
Asu(2) and Au(i), respectively, 

6cP^ = Ad x^ + Asu(2)'fe e^^ hj^ , 
6C + Sep"" r^"^ C'' = (IAd - iiAu(i))C" • (3.8) 

Here T^"^ denote the connections associated with field-dependent reparametrizations of the 
fermions of the form (^" — > S'^p{(j)) C,^ . Naturally the conjugate connections ^'a^r are associated 
with the reparametrizations C° -^ ^'^s{^)C^- These tangent-space reparametrizations act on all 
quantities carrying indices a and a. The corresponding curvatures Rab^^p and Rab'^jb take their 
values in sp(nH + 1) = usp(2nH + 2;C). These curvatures are linearly related to the Riemann 
curvature Rabc^ of the target space, as we shall see later. 

Before turning to the supersymmetry transformations, it is of interest to discuss possible 
additional isometries of hyperkahler cones that commute with supersymmetry. They are charac- 
terized by Killing vectors k m{4'): labeled by indices m, n, p, etcetera. They generate a group of 
motions, denoted by GhypcD that leaves the complex structures invariant so that they are called 
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tri-holomorphic. Furthermore, they commute with SU(2) and dilatations. These three properties 
are reflected in the following equations, 

k^n. dcf^AB - 2d[Ak^^ f^B]C = , 

XAk^„,=0. (3.9) 

Such tri-holomorphic isometrics can be gauged by coupling to the (electric and/or magnetic) 
gauge fields belonging to the vector multiplets, as we shall discuss in due coursecl The total 
isometry group of the hyperkahler space is thus the product of SU(2) times the group Ghyper 
generated by the Killing vectors k'^m- The structure constants of the latter are denoted by fmn^, 
and follow from the Lie bracket relation^ 

A:^m dek^, - fc^n dek^^ = -/^n^ k^p . (3.11) 

The infinitesimal transformations act on the hypermultiplet fields according to 

6ct>^=gA"'k^^{cP), 
5C + ScP^'rX'is C^=gA"' t^'^M C^ , (3.12) 

where we introduced a generic coupling constant g and (/>-dependent matrices tm"/3(<?!') which take 
values in sp(nH + 1), and are proportional to DAk^m- Explicit definitions will be given later, but 
we already note that they satisfy the following relations, 

DAtm"l3 = Rab'^13 k m , 
[ tm, tn ]"/3 = /mn" (tp)"/3 + A:^m A:^n Rab''^ • (3.13) 

This result is consistent with the Jacobi identity. The above results can be summarized by noting 
that the linear combinations, Xm" r = ^"^pk^rnDA — tm"fl; close under commutation according 



iM\ 



[^m,Xn]°^ = -/^nPXp"^. (3.14) 

One can show that the curl of J^^ ab k^m vanishes, so that these vectors can be solved in 
terms of the derivative of the so-called Killing potentials, or moment maps, denoted by /i^-'m- On 



^ As always, the dilatations and the SU(2) x U(l) symmetries will be gauged when coupling to the corresponding 
gauge fields of conformal supergravity. 

''We note that derivatives of Killing vectors are constrained by the Killing equation, which induces constraints 
on multiple derivatives, as is shown below, 

DAkB+DBkA = 0, DADBkc=RBCAEk'^ . (3.10) 

*To be precise, the Xr„ are the generators acting on (ji-dependent tangent-space tensors (provided the matrix tm 
is replaced by the appropriate generator for the corresponding tensor representation). 



12 



the hyperkahler cone there are no integration constants, and one can exphcitly determine these 
potentials, 

fi'^„, = -^k'^Ak^n.. (3.15) 

This can easily be verified by showing that dAfJ-^-'m = J^-' AB k^m, making use of ()3.9p and the 
Killing equation given in p.lOp . Using also (jS.lip one derives the so-called equivariance condition, 

j'^ABA:^mA;^n = -/mnV*%. (3.16) 

The Killing potentials scale with weight w = 2 under dilatations and transform covariantly under 
the isometrics and SU(2) transformations, 

V'\, = {g A" k\ + Asu(2)'m e'™ A:,,;^) ^A^'^m 

= ( - 5 A" /nmP f^'^p + 2 AsV(2)^'k f^'^" n.) ■ (3.17) 

So far, supersymmetry played a central role, as most of the above results are implied by the 
superconformal algebra imposed on the hypermultiplet fields. We refer the reader to [32] for a full 
derivation along these lines. To define the supersymmetry transformations one needs the notion 
of quaternionic vielbeine, which can convert the 4(nH + 1) target-space indices A,B,. . . to the 
tangent-space indices a, f3, . . . ,a, /3 . . . carried by the fermions. All quantities of interest can be 
expressed in terms of these vielbeine. For instance, the scalar fields transform as follows under 
supersymmetry, 

5cP^ = 2{j^^fC + j^^-eiC), (3.18) 

where the pseudoreal quantity 'y:^{4>) corresponds to the (4nH + 4) x {Anu + 4) inverse quater- 
nionic vielbein. Its inverse is the vielbein denoted by V^, which is needed for writing down the 
supersymmetry transformation of the fermions. So we have, 

lf^vi^ + i^'VS,=6^d^B. (3.19) 

Here we emphasize that we use a notation (as elsewhere in this paper) where SU(2) indices are 
raised and lowered by complex conjugation. The quaternionic vielbeine are covariantly constant, 
e.g., 

DAlg = dAlg + TAc^'lfe. - ^aK 7| = . (3.20) 

Observe that it is not necessary to introduce a SU(2) connection here. When coupling to the su- 
perconformal fields, the SU(2) symmetry will be realized locally and a connection will be provided 
by the gauge field V^*j of the Weyl multiplet. The fact that the vielbeine are covariantly con- 
stant provides a relation between the Riemann curvature Rabc^ and the tangent-space curvature 
Rab'^^1 

Both curvatures can actually be written in terms of 



RaBc'' l?a - RAB^a 7,^ = . (3.21) 



Ws^p^s = \Rabcd li if 1% 7^ , (3.22) 
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which appears as the coefficient of the four-spinor term in the supersymmetric Lagrangian (cf. 

(SID). 

A typical feature of the superconformal hypermultiplets is that they can be formulated in 
terms of local sections Aj"(0) of an Sp(nH + 1) x Sp(l) bundleO This section is provided by 

Ai-i<P)^x''{<P)ViM- (3.23) 

Obviously the vielbeine can be re-obtained from these sections, as we easily derive, 

DsAi'^ = V§i . (3.24) 

We note a few relevant equations, 

ff^^ DAAi" DbA^^ = V G^^ , (3.25) 

which defines two tensors, Q"^ and G"^, which are skew symmetric and hermitian, respectively. 
Obviously both tensors are covariantly constant. We also note the following relations. 

Gap V^, = Eij Vt^-p Vf = gAB iFa > 
ajS ^ ~ Oq, , 

napAi''A/=£ijX- (3.26) 

The first one establishes the fact that the quaternionic vielbein V^^ is pseudoreal. Furthermore 
we note 

f^Q:/3^i" DbAj = 2^ijXB + kijB , 
^af3 DaAi" DsAf = ^Eij gAB - Jij AB , 

^^° = {Ai'^y = e'^ 0."'^ G-p^ Ap . (3.27) 

Let us now introduce the local Q- and S-supersymmetry transformations of the hypermultiplet 
fields, employing the sections Aj" 

SA," + Sc^^'Tb^'pA'' = 2 e,C + 2 e^jG^^i^Q^^ e^C , 
5C + Sep"" Ta'/^ (^ = pAi^ i + At rt , 
bC + H^ f A^^ C^ = pA^"^ Ei + A'"^ 7]i . (3.28) 

The Weyl and chiral weights of these sections and the fermion fields are listed in table [2l The 
reader can easily verify that these weight assignments are consistent with the above supersym- 
metry transformations. The bosonic parts of the covariant derivatives on the scalar and fermion 



^The existence of such an associated quaternionic bundle was established based on a general analysis of 
quaternion-Kahler manifolds [36] . Here Sp(l) = SU(2) denotes the corresponding R-symmetry subgroup of the 
N = 2 superconformal group. 
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field 


A,^ C" 


w 


1 i 


c 


-i 



Table 2: Weyl and chiral weights of the hypermultiplet fields. 



fields is given by, 



V„ 



■■da4>^-h.x^ + \Va\e^''kt., 






(3.29) 



where we have now introduced the superconfornial gauge fields, in addition to the target-space 
connections. The covariantization of the above derivatives with respect to Q- and S-supersymmetry 
follows immediately from (j3.28p . 

An expression for the generators tm associated with the tri-holomorphic Killing vectors follows 
from requiring the invariance of the quaternionic vielbeine V^^ up to a target-space rotation, 

(tmr/3 = |K4.7f ^B^^m. (3.30) 

The invariance implies that target-space scalars satisfy algebraic identities such as 

tm'^a G^fS + tm"'i3 Ga^ = = tm'^[a ^/3]^ ) (3.31) 

which confirm that the matrices tm",9 take values in sp(nH+l). Furthermore we note the relations. 



k^n.VZ=k^n.DAAi 



l-^ijn 



2 '^Ai] "' m 



- _io o 4-°f ^ 4 •'> 



(3.32) 



For a more complete list of identities we refer to [32] . 

4 Lagrangians 

In this section we consider the various matter Lagrangians that are superconformally invariant. 
All these Lagrangians can be found in the literature (see, e.g., [H El El [32] ) , including some of the 
terms quartic in the fermions. We have not eliminated any auxiliary fields, so that the results 
pertain to fully off-shell couplings, with the exception of the hypermultiplets. In the formula 
below, we have substituted the explicit expressions for the dependent gauge fields associated with 
Lorentz transformations, conformal boosts and S-supersymmetry. For these expressions we refer 
to the appendices in |2"9j . 

All Lagrangians given below can be viewed as matter Lagrangians in a given superconfornial 
supergravity background. However, the conformal supergravity background represents dynamical 
degrees of freedom which will mix with the matter degrees of freedom. For the Lagrangian of the 
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vector multiplets, physical fields can be identified that are invariant under scale transformations 
and S-supersymmetry, so that we will be dealing with supergravity coupled to only n vector 
supermultiplets. The remaining vector multiplet acts as a compensating field: its scalar and 
spinor degrees of freedom are not physical and only the vector field and the corresponding triplet 
of auxiliary fields remain. For the hypermultiplet Lagrangians, a similar rearrangement of degrees 
of freedom will take place. One of the hypermultiplets will play the role of a compensator with 
respect to the local SU(2). The precise choice of the compensator multiplets is irrelevant, and 
the resulting .heones remain gange e,uivale„t§ Therefore i. is best to not malce any particular 
choice for the compensating multiplets at this stage and keep the formulae in their most symmetric 
form. At the end one may then select fields that are invariant under certain local superconformal 
transformations, so that the compensating fields decouple from the Lagrangian, or one may simply 
adopt a convenient gauge choice. 

The Lagrangian for the vector multiplets is decomposed into four separate parts, 

i-'vector — •^kin ~'~ kin ~'~ •^aux i •'-conf ) V^'-'^j 

which are each separately consistent with electric/magnetic duality. We stress that this is not a 
invariance property. Under generic electric/magnetic duality, one obtains in general a different 
Lagrangian based on a function F{X) that is not identical to the original function. Only the 
subgroup that satisfies (j2.29p constitutes an invariance. The only terms that have been suppressed 
in (j4.ip are quartic in the fermion fields and separately consistent with respect to electric/magnetic 
duality. 

The first term in ()4.ip contains the kinetic terms of the scalar and spinor fields, 

- \\^MN [i^^.'fX'^'r ^^'' - i'^apX^'l'' ^'^] • (4.2) 

The kinetic terms for the vector fields and their moment couplings to the tensor and fermion 
fields are contained in Oj^^ 

e-^4?i = ii [Fas Vf-^'^^ - Fas F+^F+'^^^j 

+ [0;.A^~'^^^ - ^""^ O-^^O-^^-^ + h.c] , (4.3) 

with O" A ^^ defined in ()2.24p . Here we included a term quadratic in the tensOTs O, such that 



the resulting expression is consistent with respect to electric/magnetic dualitylJ Note that one 



fl 



® The hypermultiplet compensator can be replaced by a tensor multiplet, but this option will not be considered 
here. 

'' To appreciate the presence of this term, we note that H4.3I) can be written as 

e"'4i^ = W~^^^ G-'^-A + h.c] - ifO-'-'j: iV^^(G;,A - Faf i^"/) + h.c] . (4.4) 

Modulo the field equation of the vector fields, the first term can be written as a total derivative, whereas the second 
term is manifestly consistent with electric/magnetic duality as follows from (I2.14|) . (|2.30p and (I2.3ip . 
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can explicitly construct the field strength tensors G^j^a from (I4.ip . according to definition (I2.5p . 
The result coincides precisely with the expression given by (|2.23p . as was claimed previously. 
The terms associated with the auxiliary fields Yij are given in £aux [Z]) 

X {N^sY'^- + li(FsHA nm^nn^e^'^e^'' - Feha J^'^f^^'^)) • (4.5) 

Note that the field equations for the auxiliary fields Yij indeed imply the pseudo-reality of ZijA, 
as was claimed below (j2.25p . The last part of the Lagrangian describes the remaining couplings 
of the vector multiplet fields to conformal supergravity, 



-1 r _ 1 

6 ■'-conf gX vector 



Xvcctor 
'^Xvcctor 

CX vector 






lg-lg/.i.pa 



+ h.c. 



^^au^/ v^x^ + ^ ^i^^ripa^i^ T'^'" 



+ h.c. 



(4.6) 



where Xvcetor = 'A^^F^ - X^Fa) = N^j^X^X^ = iVLMNX'''X'\ Note that 9xvector/5X^ 
NkjiX^. 

We now exhibit the super conformal Lagrangian for hypermultiplets |321 135). 



-I P _ 1 

6 ■'-'hyper — g Xhyper 



R + (e-^e^"'"^V'/7.^pV'ai - iV-/ V T^\j + h.c.) 



- \G^p V^Ai^ V^A^^ - G^p{CW + C^TPC) - \WaM5 CTmC" Ci^Q' 



dXh- 



{l^a [iCl^^V^^Pu' + Cx' - ^ rT/.V'., T^^'"'' 



y^er / A 
A W «a 



+ h.c. 



+ 






+ Gs;3 C'^T'^^'^'^pi - le-h^^'^P'^Gafs i'^lui^pj Ai^V^A"" + h.c. 



(4.7) 



where Wa/S'yS was defined in (j3.22p . and the hyperkahler potential was introduced in section 
El Since this Lagrangian is superconformally invariant, the target-space geometry is that of a 
hyperkahler cone, which is a cone over a so-called tri-Sasakian manifold. The latter is a fibration 
of Sp(l) over a 4nH-dimensional quaternion-Kahler manifold Q^^^. Hence the hyperkahler cone 
can be written as R+ x (Sp(l) x Q^^h), 

Also tensor multiplets can be coupled to conformal supergravity (see, e.g. ^Ij), but since 
those multiplets are not involved in the gaugings they will not be considered here. 



5 Gauge invariance, electric and magnetic charges, and the embedding tensor 

Possible gauge groups must be embedded into the rigid invariance group Grigid of the theory. In 
the context of this paper, we are in principle dealing with a product group, Gngid = Gsymp x 
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Ghyper; where Ggymp refers to the invariance group of the electric/magnetic duahties, which acts 
exclusively on the vector multiplets, and Ghyper refers to the possible invariance group of the 
hypermultiplet sector generated by the tri-holomorphic Killing vectors o Here we first concentrate 
on the gauge group embedded into Ggympi which constitutes a subgroup of the electric/magnetic 
duality group Sp(2n + 2;M) related to the matrices considered in (j2.7p . The corresponding gauge 
group generators thus take the form of (2n + 2)-by-(2n + 2) matrices Tm- Since we are assuming 
the presence of both electric and magnetic gauge fields, these generators decompose according to 
Tm = {T\,T^). Obviously the gauge-group generators Tmn^ must generate a subalgebra of the 
Lie algebra associated with Sp(2n + 2;M), which implies, 

Tmin"^ ^P]Q = Q , (5.1) 

or, in components, 

Tmk = -Tm a , Tm[as\ = = Tm^ ^ ■ (5.2) 

Denoting the gauge group parameters by A*'^, infinitesimal variations of generic 2(n-|-l)-dimensional 
Sp(2ri + 2;R) vectors Y^^ and Zm thus take the form 

SY'^ = -gA^ T^p'^ Y^ , 5Zm = gK^ T^m"" Zp , (5.3) 

where g denotes a universal gauge coupling constants Covariant derivatives can easily be con- 
structed, and reacO, 

p^y^ = a^y^ + gw,"" t^p"" y^ 

= d,Y^ + 5T^/ Tap*^ yP + gW,^ T^p'' Y^ , (5.4) 

and similarly for D^Zm- The gauge fields then transform according to 

<5T^/' = V^A^' = d^A^' + g TPQ^'W/ A^ . (5.5) 

Note that, for constant parameters A , (|5.5p will only be consistent with (|5.3p provided that 
Tmn^ is antisymmetric in [MA/^]. Nevertheless, as we shall see, antisymmetry of Tmn^ is not 
necessary in the general case. Rather, it is sufficient that the Tmn^ are subject to the so-called 
representation constraint [3], 



T(^MN ^P)Q 



■ 2-(Asr) ^ 


0, 


2r(rA)^ 


= Ts^^ 


^(Asr) = 
. 2T(rA)^ 


0, 

= T^Ar . 



(5.6) 



Observe that the R-symmetry group, SU(2) x U(l), does not play a role here, as this group is already realized 
locally in the coupling to the superconformal background. 

®The generators follow by expanding the symplectic matrix appearing in (|2.7p and (|2.9[) about the identity. 
Comparing with (|5.3p . one establishes the correspondence, f/'^E ~ S'^s ~ gA'^'TMs^, Va^ ~ 5a^ + gA'^'TujA^, 
Z"^^ ^ -gA^'TM^''', Was ^ -^A^^Tmae- 

^'^In this section and in section [6l we suppress the covariantization with respect to superconformal symmetries. 
Starting with section [7| the derivative D^ will indicate covariantization with respect to Lorentz, dilatation, and 
chiral symmetries, and with the newly introduced gauge symmetries associated with the fields W^'^'^ . 
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which does not imply antisymmetry of Tmn in [^)-^]- However, for the conventional electric 
gaugings, where the magnetic gauge fields ^d^A decouple and where T n^ = and Ta^^ = 0, 
(|5.6p does imply that Trs is antisymmetric in [FS]. 

Note that full covariance of the derivative defined in (j5.4p has not yet been established to 
order g'^, since we have not discussed the closure of the gauge group generators. This point will 
be addressed later in this section. 

Let us first consider some generic features of the infinitesimal transformations (|5.3|) . Combin- 
ing the two equations (j2.10p and (j2.29p leads to an expression for F{X) — F{X), which, for an 
infinitesimal symmetry transformation 6X = —g A Tmn X , yields 

Fa 6X^ = -i^A*^ {Tma^X^X^ + Ta/^FaFs) . (5.7) 

Substituting the expression for 6X then leads to the condition [5], 

Tmn^^pq X^xP = Tmaj:X^X^ - 2Tma^X^F^ - Tm^^F^F^ = . (5.8) 

which must hold for general X . The solution of this condition will specify all continuous sym- 
metries of the Lagrangian. There are two more useful identities that follow from it. First one 
takes the derivative of (j5.8p with respect to X , 

TmnkX = Fae Tmn X , (5.9) 

and subsequently applies a supersymmetry transformation leading to, 

Tmna^i = F\y.Tmn ^i +FAsr^i Tmn X . (5.10) 

The latter two identities show that the gauge covariantization of the kinetic term for the scalars 
and spinors in ()4.2p will not involve Tmkt, ■ We refer to for further details about these covariant 
derivatives. 

By introducing a vector C/*^ = {U^,Fat,U^), it is possible to cast (j5.9p in the symplectically 
covariant form, Tmn ^PQ X U = 0. This equation can be rewritten by making use of the 
representation constraint (j5.6p . Note, for instance, the following identities, 

rp P yM jtN _r, 

-'(AfAf) X U — U, 

Tmn ^pq X X X = Tmn ^pq X ' X X = , 

Tmn^ X^'X^ Nay: X^ = . (5.11) 

As a side remark we note that the Killing potential (or moment map) associated with the 
isometrics considered above, is related to 

i^M = gTMN^^^pqX'' X"" . (5.12) 

Its derivative takes the form d^VM = iA^AE 5X^ , as follows from making use of 
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Finally we return to the gauge transformations of the auxiliary fields Yij , which can be 
derived by requiring that £aux written in ()4.5p is gauge invariant. A straightforward calculation 
leads to the following result, 

5y,/ = -yA^'TMN''{Z^,'' + e^ke.i Z^'^) , (5.13) 

where Zij was defined in (|2.25p . Note that this result is in accord with the electric/magnetic 
dualities suggested for Zij^ . 

In the remainder of this section we consider the gauge group embedding in more detail. The 
embedding into the rigid invariance group Grigid = Gsymp x Ghyper is encoded in a so-called 
embedding tensor. This tensor must be specified separately for the vector multiplet and for the 
hypermultiplet sector, so that we have the following definitions, 

TmN = ©M^ taN , 

k^M = Qm"" k^n. , Tm'^P = Om" tm"/3 , (5.14) 

where the ta denote the generators of Ggymp, and k ^ and t^ the tri-holomorphic Killing vectors 
and the corresponding matrices of the group Ghyper • Because these generators belong to different 
groups and act on different multiplets, they carry different indices (namely, indices M, N, . . . for 
the vector multiplets and indices a, /?,... for the hypermultiplets). The embedding tensor can 
be further decomposed into electric and magnetic components, according to @m^ = (©A^j ), 
and 0^/"^ = (©a"^,© )• With these definitions, we can now also present the gauge-covariant 
derivatives on the hypermultiplet fields (we remind the reader that in this section and in the next 
one, we suppress the covariantization with respect to the superconformal symmetries), 

V^ct)^=d^<P'^-gW/'k^M, 

^/.r = d^C + d^cp^ Ta'-p C^ - gW^^'TM^p C^ . (5.15) 

In particular the covariant derivative of the spinor field is not entirely straightforward, in view 
of the fact that matrices tm"/3 depend on the fields (j)^. However, because the Jacobi identity is 
satisfied on these matrices, there are no further complications associated with this feature (see 
(1233])). 

The gauge group generators Tm should close under commutation for both representations. 
This leads to two equations that depend quadratically on the embedding tensor [55] . 

/ab' ©a/ ©Jv' + (ta)iV^ ©A/'©P^ = , 
/mnP ©m" ©7v" + (ia)7v'' Om'Qp' = , (5.16) 

where /ab*^ and /mn'^ are the structure constants of Ggymp and Ghyper j respectively!^ The above 
equations imply that the gauge algebra generators close according to 

[Tm,Tn] = -Tmn'' Tp , k'^Mdek^N - k'^Ndsk^M = Tmn'' k^p , (5.17) 

^^ For convenience we have ignored that the matrices fm depend on the scalar fields (see, (|3.14p . and the preceding 
text). 
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so that the structure constants of the gauge group are contained in —Tmn^ = —&M^ {ta)N^ , as 
is required by the gauge group embedding in Ggymp- This observation was in fact used as input 
when deriving (j5.16p . Note, however, that the gauge group structure constants are not necessarily 
identical to —Tmn^j as they may differ by terms that vanish upon contraction with the embedding 
tensor @p^ or Qp"^. This explains why the Tmn^ are not necessarily antisymmetric in M,N. 

Here and henceforth, the embedding tensor will be regarded as a spurionic object which we 
allow to transform under the rigid invariance group Grigid, so that the Lagrangian and trans- 
formation rules will remain formally invariant. Therefore the embedding tensor can be assigned 
to a (not necessarily irreducible) representation of Gngid- Eventually the embedding tensor will 
be frozen to a constant, so that the invariance under Grigid will be broken. In this context, it 
is relevant to note that (j5.16p implies that the embedding tensor is invariant under the gauge 
group. The gauge group is thus contained in the corresponding stability subgroup of Grigid- From 
symmetrizing the first constraint (j5.16p in {MN) and making use of the linear conditions (j5.6p 
and (j5.ip . one further derives that Q. Qm^^n {tb)p must vanish. Hence, 

which implies that the charges in the vector multiplet sector are mutually local, so that an 
electric/magnetic duality must exist that converts all the charges to electric ones. Likewise, one 
derives from the second constraint (j5.16p . 

n^^^&M^eN"' = ^^ e^["eA'^i = o, (5.19) 

which implies that the charges in the hypermultiplet sector are mutually local with the vector 
multiplet charges. It is clear that gauge fields that couple exclusively to charges associated to 
hypermultiplets are not restricted by (j5.18p and (j5.19p . Their corresponding gauge groups are 
necessarily abelian. To ensure that those charges are also mutually local, we must impose an 
additional constraint, 

qmn Q^^mQ^u = ^^ e^['^eA"'=o, (5.20) 

which is obviously not related to the closure of the gauge algebra. As it turns out, the relations 
(|5.18p . (j5.19p and ()5.20p play an crucial role when discussing the Lagrangian. 

Generically only a subset of the gauge fields will be involved in the gauging, so that the 
embedding tensor will project out a restricted set of (linear combinations of) gauge fields; the 
rank of the tensor determines the dimension of the gauge group, up to possible central extensions 
associated with abelian factors. 

As stressed before, the generators Tmn^ are not required to be antisymmetric in M, N . The 
symmetric part can be written as follows. 



-f {MN) 
with 

da MTV = (ia)A/ ^NP , 

21 



Z^^'d^MN, (5.21) 



{p^Aa _ lp)Aa 
' ' (5.22) 

so that daMN defines an Sp(2n + 2, M)-invariant tensor symmetric in (MN). Likewise one can 
introduce a similar tensor Z^'"^, relevant for the hypermultiplets, by 

{r7Am __ iC)Am 
' ' (5.23) 

^a" = -^Oa", 

Subsequently we note that the constraints (|5.18p . (j5.19p and (|5.20p can now be written as, 

Z^^'^ Qm^ = = Z^^'" Qm"" , Z*^'"" @M^ = = Z^^'"" Qm" . (5.24) 

The latter implies that Z*^'^ and Z^^'*" vanish when contracted with the gauge- group generators 
Tjv/. Because of these constraints, only the antisymmetric part of Tmn^ will appear in the 
commutation relation (j5.17p . What remains is to consider the Jacobi identity on the generators 
Tjv/. Explicit calculation based on (j5.17p leads to 

T[NP Tq]ji = s^ '^d^RiNTpQ] , (5.25) 

which shows that the Jacobi identity holds up to terms that vanish upon contraction with the 
embedding tensor. In the following section we will describe how to introduce a consistent gauging 
in this non-standard situation. 

6 The gauge hierarchy 

To compensate for the lack of closure noted in the previous section, and, at the same time, to 
avoid unwanted degrees of freedom, the strategy is to introduce an extra gauge invariance for the 
gauge fields, in addition to the usual nonabelian gauge transformations, 

SW/' = V^A'' -g[z'''' H^a + Z^^'- E^^] , (6.1) 

where the A are the gauge transformation parameters and the covariant derivative reads, 
V^K^'^ = df^A^'^ + gTpQ^ W^^A'^. The transformations proportional to H^ja and H^rn enable one 
to gauge away those vector fields that are in the sector where the Jacobi identity is not satisfied 
(this sector is perpendicular to the embedding tensor by virtue of (|5.24p ). Note that the covariant 
derivative is invariant under the transformations parametrized by H^ a and H^ m ! because of the 
contraction of the gauge fields W^^^ with the generators Tm- However, gauge transformations do 
no longer form a group by themselves, as is reflected in the commutation relation, 

[5(Ai),5(A2)] = <5(A3) + <5(Ha3), (6.2) 

where 
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Ss^a = (ia^p(Af ^/.A^ - A^P^Af ) , (6.3) 

with T/v/a'' = — ©Af'^/ca'^ the gauge group generators in the adjoint representation of Ggymp- As it 
turns out, this commutation relation forms the beginning of a full hierarchy of vector and tensor 
gauge fields that form a closed algebra [39llin]- Other commutators involving 5(A), 6{Ea) and 
5(Hm) vanish on the gauge fields W^^, so that those can only be uncovered for the higher-rank 
tensor gauge fields that we will introduce shortly. 

Non-abelian field strengths associated with the gauge fields W^ follow from the Ricci identity, 
[D^,Diy] = —gT^iy'^^ Tm, and depend only on the antisymmetric part of Tmn^, 

T^.^ = d^W,^' - 9,W/^ + 9TyNP]^' W^'W/ . (6.4) 

Because of the lack of closure expressed by (I5.25P , these field strengths do not satisfy the Palatini 
identity, 

6T^/' = 2 V[^6W,] "' - 2g ^pgf W^/ 5W,^ « ^ (g.g) 

under arbitrary variations 5Wf^^^ , because of the last term, which cancels upon multiplication 
with the generators Tm- The result (16. 5p shows in particular that J-^xv transforms under the 
combined gauge transformations (j6.ip as 

<5J-^/^^ = g A^'Tmp^' -F^.^ - 2g Z^'^' (^[^H,]^ + d,PQ W^/ 5W,f) - 2g Z^'"^ P[^H,]^ , (6.6) 

and is therefore not covariant. In deriving this one makes use of the fact that the tensors Z '^ 
and Z '"^ are invariant under the gauge group. The covariant derivative on S^/a is defined by 
^^"i/a = d^Eiya — gWfi'^^TMa^'^j/b, and similarly for Hj^m- These tensor fields belong to the adjoint 
representation of the group Ggymp- 

The standard strategy is therefore to define modified field strengths, 

n^u"" = T^v""' + 5[^*''' i?M- + ^*''" ^M-m] , (6.7) 

by introducing new tensor fields B^^y^ and -B/ivm with suitably chosen gauge transformation rules, 
so that covariant results are obtained. This implies that the variation of the tensor fields should 
in any case absorb the unwanted non-covariant terms in (16. 6p . At this point we recall that the 



invariance transformations in the ungauged case transform on the field strengths GnJ^ ■, defined 



M 



in ()2.6p . according to a subgroup of Sp(2n + 2,M) (cf. (j2.7p ). The field strengths G^y consist of 
the abelian field strengths F^^ and the dual field strengths G^j/a- The latter were decomposed 



in (I2.23P in the form G ^^ = Fae FaiP — ^iC^^A- Obviously, in the presence of the non-abelian 



gauge interactions, the abelian field strengths F^^^ should now be replaced by (j6.7p . Hence it is 



natural to define new covariant field strengths according to 

Q M _ I ^f^i' \ 

with 

r?- A _ nj~ A 
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G-,!, = F^^n-J'-2iO-^^. (6.9) 

Just as in section [2l there exist corresponding supercovariant field strengths Gfiu that wiU 
appear in the supersymmetry transformations of the vector multiplet fermion fields. Those will 
be discussed in the next section. Just as before, the field strengths G^iu^ and G^iu^^ will only 
differ by fermionic bilinears and by terms proportional to the tensor field of the Weyl multiplet. 
Following [3] we subsequently introduce the following transformation rule for B^y^ and B^^rn 
(contracted with Z^^'^ and Z^^'"^, respectively, because only these combinations will appear in 
the Lagrangian), 

^'^'"5i?M-m=2Z^^''"P[^H,],. (6.10) 

Note that B^i^^ has variations proportional to H^m through the term 6W^ (cf. ()6.ip ). As a 
result of ()6.10p the modified field strengths ()6.7p are invariant under tensor gauge transformations. 
Under the vector gauge transformations we derive the following result. 



5^;/ = - g A^Tp^v^ e;/ - g A^T^p^ {G^, - UjJ 



r ■ 



^G-^.A =-9 A^'TpNK G-/ - g Fas A^T^p^ {G^, - n-,)r , 
^{G^u - n-u)K =gA''{T^PA - T^p^^Fsa) (G^u - ^;Jr ■ (6.11) 

Hence 5G^v^^ = —g A^TpN^^ Gfiu^ , just as the variation of the abelian field strengths G^^*^ in 
the absence of charges, up to terms proportional to Q^'^{Gi_iu — 'Hi_iu)k- According to [3j, the latter 
terms represent a set of field equations, and so the last equation of (j6.1ip expresses the well-known 
fact that, under a symmetry, field equations transform into field equations. As a result the gauge 
algebra on the tensors Gl^i^^ closes according to (|6.2p . up to the same field equations. 

In order that the Lagrangian corresponding to (|4.ip becomes invariant under vector and tensor 
gauge transformations, we have to make a number of changes. First of all, we replace the covariant 
derivatives on the scalars and spinors by gauge-covariant derivatives. This ensures the invariance 
of C-\J^^ ^conf and /^hyper, given in (j4.2p . ()4.6p and ()4.7p . respectively. The Lagrangian for the 

,(2) 
■'kin 



auxiliary fields (j4.5p is already gauge- invariant. In the following we therefore concentrate on C^ 
3]) which depends on the abelian field strengths Fnu ■ These abelian field-strengths are now 



replaced by T-Lav , so that 






The Lagrangian C^.^^^ therefore reads, 

e"'4S = ii [^As -H-t^-^^"" - Fas n^^^H^'^''^] 

+ [O-^.A^-'"''' - N^^'O-^^O-^^j, + h.c] . (6.13) 

It is separately invariant under the tensor gauge transformations, because the tensors 71 are 
invariant. 
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However, the Lagrangian (14. ip is not invariant under the vector gauge transformations. To 
estabhsh this one has to take into account that also the other fields of the vector multiplets 
transform under the gauge group. For instance, there are contributions from infinitesimal gauge 
transformations of Fas and O^jj/a , which follow from (j2.30p and (j2.3ip , 

SFa^ =gK^\- Tmaj: + 2rM(A^i^s)r + FatTm^^ F^j^) , 
50;,^ =5A"'0;,s {Tma^ + Tm^'^Fva) ■ (6.14) 

Nevertheless, it was shown in [3J that this is still not sufficient for gauge invariance, and it is 
necessary to introduce an additional, universal, term to the Lagrangian, equal to, 

X {2dpW^A + oTmNaW/'W^'' - i^QA^^pab - 350A"5pan) 

+ lig e^^'^P'^Tmn'^ W^^'W,"" [dpW.A + \gTpQAW/wJ^) . (6.15) 

The first term represents a topological coupling of the anti-symmetric tensor fields with the 
magnetic gauge fields; the last two terms are a generalization of the Chern-Simons-like terms 
that were first found in [6]. 

Under arbitrary variations of the vector and tensor fields, ()6.13p and (|6.15p yield (up to total 
derivative terms), 

e"' (^^4?^ + '^Aop) = - lig (a+^"*' - n^""^') QM^iSB,,, - 2d,pQW/6W,'^) 

- l^g [Q^^""^ - u^^-^') Qm"" SBp,^ 

+ [Q+^'^^^nMN Vp5Wu^ + h.c. . (6.16) 

Under the tensor gauge transformations this variation becomes equal to, 

e"' (<^4ii + '^Aop) = igU-^^'^' [Qm'V,:-,, + Qm'^V^-,^] + h.c. . (6.17) 

(2) 
We already demonstrated that >Cj^j^ is separately invariant under tensor gauge transformations, 

so that the above terms originate exclusively from the variation of £top- The expression (j6.17p 

turns out to be equal to a total derivative because there exists a Bianchi identity, 

'F>[pHup] = ^9[Z '^T-Lfiupa + Z '"^T-Lpupm], (6.18) 

and because the embedding tensor is gauge invariant. Here the gauge-covariant field strengths of 
the tensor fields are defined as, 

n^up. =^T)[pB,p], + 6d,NpW[p^ {d,w/ + lgT[Ps]''w,''Wp]' + {g -n),/) , 

'H^iupm =3P[^-B,,p]m , (6.19) 
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where V^Bj^pa = d^^Byp^, — gWp Tm^ Byp\^, and likewise for VpBypm- The fully gauge-covariant 

1-fJ.U 



derivative of 'Hn^^^ takes the form, 



VpUp,'"' = dpHp,^' + gWp'' TpN^' g^,"" + gWp"" Tnp^' {Q - H)^,^ 

= dpHp,"' + gWpP TpN^' Hp,'' + 2 gWp^ Z^'^'d.PN {Q - n)p,^ , (6.20) 

Observe that the covariantization proportional to {Q — 'H)pu^ is not generated by partially inte- 
grating the right-hand side of (|6.17|) . but it vanishes upon contraction with the embedding tensor. 
So does the right-hand side of (j6.18p . so that (I6.17P is indeed a total derivative. 

As was mentioned before, the combined gauge invariance of the vector and tensor gauge fields 
are important to ensure that the number of physical degrees of freedom will not change by the 
introduction of the magnetic vector gauge fields and the tensor gauge fields [3] . The combined 
gauge algebra is consistent for the tensor fields upon projection with the embedding tensor, which 
is sufficient because the action depends only on these projected fields. If this were not the case, 
new tensor fields of higher rank would have been required [39] . The projection with the embedding 
tensor will determine in which fields the physical degrees of freedom can reside. The precise way 
in which the number of physical degrees of freedom are accounted for is therefore rather subtle. 
From (j6.16p it is indeed clear that the components of the tensor fields that are projected to zero 
by multiplication with Q or , are simply not present in the action. Their absence can be 
regarded as the result of an additional gauge invariance. In addition, there are transformations 
of the tensor fields linear in (Q — 'H)puA that leave the Lagrangian invariant [T'j'lS], 

e^^6Bp,a=A[''^\g-n);,^ + h.c., 

e'^'SBp,, = Ai'-^^'^p {g - n),]pj: , (6.21) 

where A^ is an arbitrary complex parameter, and A2 ^p is real and traceless. Similar trans- 
formations exist for variations contracted with @ . Often these transformations emerge when 
verifying the validity of the supersymmetry algebra, something that we will discuss in section [71 
A similar situation arises with the magnetic gauge fields Wp\. Under variations of the gauge 



fields Wp one derives 



M 

(2) I r^ _ l-uupa-j^ n M ci XU/ ^^ 



scz + sctop = ^i e'^"'"' v.gp^'^'nMNSWp^ , (6.22) 

where /Ij^j^ was defined in (j6.13p . up to a total derivative and up to terms that vanish as a result 
of the field equation for Bpy^. Substituting (j6.18p we can rewrite (j6.22p as follows, 

^4^^ + 5£top = iie^'^''- [-P.^p^A 5Wp^ + IgiUupa. Q^' + n,p^^ e^"')6WpA] . (6.23) 

Because the minimal coupling of the gauge fields to matter fields is always proportional to the 
embedding tensor, the full Lagrangian does not change under variations of the magnetic gauge 
fields that are projected to zero by the embedding tensor components or O , up to terms 
that are generated by the variations of the tensor fields through the 'universal' variation, SBpj^^ = 
2d,pQW^pP5W,{i. 
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All these gauge symmetries have a role to play in balancing the degrees of freedom. In [3] a 
precise accounting of all gauge symmetries was bypassed in the analysis. Observe that not all 
these symmetries have a bearing on the dynamical modes of the theory as they also act on fields 
that only play an auxiliary role. 

7 General gaugings: the superconformal algebra and the Lagrangian 

When switching on a gauging there are several qualitative changes that are of interest. First of 
all, the superconformal algebra will no longer be realized off shell (i.e. without using the equations 
of motion) in the vector multiplet sector, at least for gaugings with magnetic charges. Only for 
the Weyl multiplet the closure remains realized off shell. Naturally a generic gauging induces the 
presence of vector multiplet fields into the hypermultiplet supersymmetry transformations. It 
is therefore not surprising that also the vector multiplet transformations will generically acquire 
terms proportional to the hypermultiplet fields. In this section we will present the full transfor- 
mation rules that include new terms of order g, and subsequently we will re-establish the closure 
for general gaugings. As it turns out, additional symmetries such as (j6.2ip . are relevant for the 
closure. This feature is well known from previous applications of the embedding tensor formalism. 

A second, not unrelated, feature is that the Lagrangian must be modified by including masslike 
terms for the fermions proportional to g, and a scalar potential proportional to g^. The explicit 
expressions for these terms, which are relevant for many applications, will be presented at the end 
of this section. These modifications are familiar from N = 2 supergravity theories with purely 
electric charges [U [H [32] . 

Rigid N = 2 supersymmetric theories with both electric and magnetic charges, have been 
presented in [7], and it remains to complete these results in a fully superconformal setting. It 
is clear that the modification of the results derived in [7j must be relatively minor. The super- 
symmetry transformations of the matter fields will now become covariant with respect to the 
superconformal symmetries, while at the same time they should remain in accord with the known 
results for rigid theories. Modifications that supersede previous work will therefore mainly involve 
terms proportional to the gravitino fields. The most conspicuous ones are those appearing in the 
supersymmetry transformations of the tensor fields B^^a and Bf^^m ■ 

To exhibit this in more detail, let us first present the full Q- and S-supersymmetry trans- 
formations for the hypermultiplet fields. They follow straightforwardly upon supercovariantizing 
the rules presented in section [3l including the terms of order g that were already found in [7] , 

50^=2(7,4e*r + 7f eX"), 

<5C" + H"^ Va^p C^ = pAi'' e' + 2gX^' Tm"" pA^^ e''t^ + A,^ rf . (7.1) 

where D^ denotes the derivative fully covariantized with respect to all the superconformal trans- 
formations and the gauge symmetries. Likewise we present the full Q- and S-supersymmetry 
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transformations for the vector multiplet fields, 



6X^' =6%^ , 

- 2gTpN'''xPx''e,j€^ + 2igO*^^^,,we^' + 2X^77, , 
5W^^ =e'^ei{^^nj'' + 2^^,X^') + Si.e'i^^n^'' + 2 V^*') > 
dYij^ = 2 e^.pQj)^ + 2eikejie^''pn^^^ 

+ Ugk^^[8k^nj)aAe''C + e^^e,)CiaA] ■ (7.2) 

Here the moment maps are defined by, 

fJ-ijAI = ©A/'^^Jjm , (7.3) 

and the symplectic vector Zij^ appearing in SQi'^ is given by, 

4*" = I ^'''' I . (7.4) 

This expression differs from the previous one for the ungauged theory, given in ()2.25p . by the 
presence of the moment maps originating from the hypermultiplet sector. This imphes that the 
original pseudo-reality condition on Zj^a rnust be replaced by a pseudo-reality condition on ZijA- 
As this condition was previously imposed by invoking the field equations for the auxiliary fields, 
it follows that those field equations must now receive modifications proportional to the moment 
maps, as we shall confirm later in this section. Note that, in (j7.2p . we refrained from giving the 
supersymmetry transformation of Zij\, which is not an independent field. 

Another tensor appearing in (Jfij^^, a modification of the tensor (|2.2ip . is the supercovariant 
field strength Q^xv^^ , which coincides with the field strengths (j6.8p up to fermion bilinears and 
terms proportional to the tensor field of the Weyl multiplet. These supercovariant field strengths 
are defined by. 



Q— A _ -1/ 



A _-!/- A 
'^fiv 1 

^;m = ^AE ii-,,^ - \F^^T f^.^7M.f^/ e^' ■ (7.5) 

where T-L^j^u is the supercovariant extension of (j6.7p . In view of (|2.2p . we expect the following 
decomposition for Ti^^ , 

- \ (X^ T^,ij e'i + X^ T^J^ e,j) . (7.6) 

However, in the presence of a gauging, this expression leads to supersymmetry variations pro- 
portional to the gravitini fields induced by the terms in 6Qi of order g. As it turns out, by 
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suitably adjusting the super symmetry transformations of the tensor fields, SB^y^ and SB^ym-, one 
can ensure that the T-Lab will still transform covariantly under Q- and S-supersymmetry, 






2ig k^^ lAia Clabe' - e'^f)aab^j^ + h.c. . (7.7) 



As a result the combined transformations of the tensor fields, B^^^ and B^j^^rm under tensor and 
vector gauge transformations and Q- and S-supersymmetry, now read as follows, 

+ 4if]*^^^,fc^e^^'[Vi,[^7,]6'= + ^'^[^7Hei] • (7.8) 



Note that the tensors transform covariantly under diffeomorphisms, and are scale invariant. As 
was already alluded to, the moment maps [liju enter the transformation rules of the vector 
multiplet fields. In fact, only the magnetic moment maps [Hj appear in these transformation 
ruleso For purely electric charges and corresponding moment maps /ijjAi the supersymmetry 
transformations (j7.ip and (j7.2p reduce to the transformations presented in [B] and [32] . The latter 
transformations still realize the supersymmetry algebra for the vector multiplet fields (but not 
for the hyper multiplet fields) without the need for imposing equations of motion. 

Now that the full supersymmetry transformations have been established, we consider the su- 
perconformal algebra. Its most non-trivial commutation relation is the one of two Q-supersymme- 
tries. This commutation relation, which was already specified in (j2.27p . must now be extended 
with tensor gauge transformations. Hence 

[5(ei),(5(e2)] =eD^, + bu^e) + 5i^(Ai^) + bs{r]) + ,5gaugc(A^0 

+ Otensor (,.^/ia j + ^tensor (,.^/i m j j v' '^j 

and it should hold modulo field equations and some of the spurious symmetries that we discussed 
in the previous section. The various parameters in (j7.9p have already been specified in (|2.28p . 
except for the parameters of the tensor gauge transformations, which read, 

S;,m = -8ie'^fijkn,{e2tlt,ei'' + e2^-i^,eii) , (7.10) 

up to terms that vanish upon contraction with the embedding tensorj^ The combination C^D^ 
denotes an infinitesimal covariant general coordinate transformation, which includes contribu- 
tions from all the field-dependent gauge transformations such as a Q- and S-supersymmetry 



^■^The reader may verify that the contribution to ili proportional to jj.ijA vanishes against a similar contribution 
contained in Zij^' . 

^^ The result for H^m given in H7.10[) is new compared to previous work. It is determined by verifying the 
commutator (|7.9|l on the vector and tensor gauge fields, as will be discussed in some detail below. 
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transformation with parameters —2^^'^p' and —^^^(t^p', or vector gauge transformations with pa- 
rameters A = —i^Wp, such that the combined result takes a supercovariant form. For the 
corresponding field-dependent tensor gauge transformations, the parameters take a slightly more 
complicated form [TJ [13] , 

In what follows we will verify the validity of (j7.9p on the auxiliary fields Yij \ W^^ and the 
tensor fields B^^a and B^^rn, as these are most susceptible to the presence of the new gauge 
transformations, thereby exhibiting a variety of subtleties that play a role. Many aspects of this 
evaluation have their counterpart in a similar evaluation of A^ = 8 supergravity, which appeared in 
[13j . At this point we mention two general identities that are relevant in the present calculations. 
They follow from I^M), (|5l^ and (l5TT]l . 

T(MN) X Opu =8^(A/A^) ^'^ ^i lp.u^j ■ (7-12) 

Of course, in the calculations we must also take into account that the superconformal gauge fields, 
^fi"''^} f/i"' and 4>p^, depend on the other superconformal fields. 

Let us first consider the supersymmetry commutator (jT.Oh on the auxiliary fields Yij . As 
it turns out, its validity requires to impose the field equations associated with the tensor fields, 
which take the following form, 

^ Gp.uA = 6 ^ T-ipuA , "^ QpuA = "^ T-LpuA , (7-13) 

and the field equations associated with the magnetic gauge fields, 

= le-ie^^'"^ {Z'^'^n^p., + Z''''^n,p.^) + r(Miv)^( -2x'' v'^x^ 

- ie-ie^^'"^V^.VpV'<xie^'Vifc^ , (7.14) 

where we made use of the Bianchi identity (J6.18P . 

Secondly we evaluate the supersymmetry commutator on the vector fields Wp , 

[6{ei),6{e2)]Wp^' = CSpp^' + VpA'' - g Z^^'^Ep, - g Z'^'^^Ep^ 

-e ih ^ij ^p'Tm^^'*' + eijX^i^p%^ + h.c.) , (7.15) 

where the parameters ^^, A*^, Ep^ and Epm are as in (j7.9p . In this result one can replace 
Qpu'^^ by Tipu^^ ■ For the electric gauge fields this is trivial as Qp^^ and T-ipu^ are identical. 
For the magnetic gauge fields the replacement is effectively allowed because Wp\ appear in the 
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Lagrangian contracted with the embedding tensor, as can be seen from (16.231) . Therefore, without 
foss of generahty, one can safely contract (j7.15p for the magnetic gauge fields with the embedding 
tensors, Q or G , upon which one can replace Q^^A with Ti^uA by virtue of ()7.13p . Finally 
one uses the following equality, 

+ gZ^'^^iP {Bp^, + d^^pWp^W/) + gZ^'^'^eSpprr. ■ (7.16) 

Substituting this identity into (jT.lSp shows that the ^'^-dependent terms decompose into a gen- 
eral coordinate transformation with parameter ^^, a non-abelian gauge transformation with pa- 
rameter —^'^Wp,^, tensor gauge transformations with parameters —£,P{Bppa+daNpW^Wp) 
and — C^-Bp^m and a supersymmetry transformation with parameter —i^^^'^tii- Together they 
constitute a covariant general coordinate transformation with parameter ^^^. Consequently the 
supersymmetry commutator closes according to (j7.9p . 

Subsequently we turn to the supersymmetry commutator on the tensor fields Bp^^. Here it 
suffices to consider those fields contracted with Z '^ because no other components of the tensor 
field appear in the Lagrangian according to (I6.16p . Hence, we first evaluate 

Z^'^ [5{ei),5{e2)]Bp,. =2 Z^^^V^pE,], - 2T^mn)''^''0,.u'' 

+ 2T(Miv)^ VF[/^ [<5(ei), <5(62)] M^.]^ 
+ nMN)''e {X''n,^^p,^; - 2i^p\pi,,^, X'^'X^ + h.c.) 

+ eep,p„ T^MN)''e{ - 2X*^ S'^X^ + j^^^^'^i^ 

+ WigT^MN)^^^'''{x'' /i'V e2ap,eij - X^ ^,,p elli^A) > (7-17) 

with the parameters ^'^, A and H^a as in ()7.9p . The first four terms can straightforwardly be 
compared to the variation of Bpi,a given in the first formula of (j7.8p . However, there is a subtlety 
regarding the commutator on W^,^ in the third term, because this supersymmetry commutator 
only closes on the gauge fields, up to a term ^^{Q — 'H)pu^ . Therefore the commutator yields 
the transformations indicated on the right-hand side of (|7.9p plus this extra termo Obviously 
the commutator on W,^^ generates also a diffeomorphism, which will play a role later on in the 
calculation. Finally the fourth term represents precisely a supersymmetry transformation with 
parameter e* = — g^^V'p*- 

The remaining terms in (j7.17p . however, do not seem to have a role to play. At this point we 
note that the Lagrangian does not depend separately on Z^'^Bp^a and Z '"^Bp^m, but depends 
only on the linear combination Z^'^ Bp^^ + Z^'"^ Bp^^n- Consequently, the algebra is required to 
close only on this linear combination. Therefore we also evaluate the commutator on Z '"^ Bp^^n, 

Z^''- [d{ei),6ie2)]Bp,„, =2Z^'-P[^H,], 

^*Upon contraction with Z^^^ this term vanishes and we have argued that it could therefore be suppressed in 
the commutator on the gauge fields on W,^^ . See the text preceding H7.16|) . However, in the case at hand the extra 
term has to be retained. 
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- e-ie'^^™ ^ASrV'^.e^'V^/] , (7.18) 

with the parameters ^'^ and H^^ as in (|7.9|) . The first fine estabhshes closure with respect to H^m- 
Furthermore, the next fine correctly reproduces a supersymmetry transformation with parameter 

When considering the sum of the two variations (j7.17p and (|7.18p there are some cancelations, 
and on the remaining terms we can impose the field equation (|7.14|) . This leaves the following 
terms, 

[<5(ei), <5(e2)](Z^'^ 5^,3 + ^^'" i?^.m) = ^^'^ ^''^M-pa + ^^■" ^''H^.pm 

- 2 T^MN)''W[/' eiG - n),]p'' + • • • , (7.19) 



where the dots refer to terms that have already been accounted for in the context of (j7.9p . The 
explicit terms in (|7.19p contribute to the (covariant) general coordinate transformation, as follows 
from the following identities, which can be derived straightforwardly from (j6.19p . 

z'^^'e'Hp^u. =^^'^ {edpBp,, -2d^peB,^p,) 

+ 2Z^'^V[p {eB,]p, - ed,MNW,]^'Wp^) 

- 2r(,,^)^VF[/^ {eo^w^f + d^^ewp^ -2^p{g - -w),,/) 

+ 2Z'^^"^V^p{£,PB,^p^) 

+ 2 g T^MN)''Z''''- e Wp^Bp, ^ . (7.20) 

The first two terms in the equations (j7.20p denote the expected general coordinate transformation, 
and the tensor gauge transformations with parameters given in (j7.1ip . The third term in the first 
equations represents the appropriate gauge transformation. The last terms in the two equations 
cancel directly, so that the only terms in ()7.19p that are still unaccounted for, are given by 

[5{e^),6{e2)]{z'^'' Bp,, + Z"^^"^ Bp,^) = -2T^MN)''W^^.'' {ed\p\W,f + d.^eWp'') 

+ 2 T^MN)''W^^.'^e{G - n),]p'' + ■■■ . (7.21) 

The first of these terms cancels against the general coordinate transformation induced by the 
supersymmetry commutator on VFjy^ in (j7.17p . which we already referred to earlier, and which 
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is not required on the tensor fields in view of the fact that the above equations (I7.20p already 
account for the general coordinate transformation. The second term can be suppressed by virtue 
of the special invariance noted in (j6.2ip . To see this, we note that, up to the first equation of 
motion (j7.13p . we can write the induced variation of B^^a as, 

z^'^ 6B,,, ocr(^M^) [H'W[^^' - ew,""' ^IMQ - n),]p^ 

- T^^m""^ ewj' {g - 7{)^u^ . (7.22) 

This completes our discussion of the supersymmetry algebra. 

Finally we summarize the modifications to the Lagrangian that are required by the general 
gaugings. As usual these concern both masslike terms for the fermions, which are proportional to 
the gauge coupling g, and a scalar potential proportional to g^ . The masslike terms independent 
of the gravitini follow directly from the rigid theory in the presence of both electric and magnetic 
charges [7]. The terms that involve gravitini are generalizations of the known results for the 
superconformal theory in the presence of electric charges [H [6l [32]. The result includes also a 
non-fermionic term which describes the coupling of the auxiliary fields Yij to the moments fJ-ijM, 

e-^Cg = - \\g nMQTpN^ e'^ X^'Cli^' (f^/ + T^V'w^'') + h.c. 
+ 2g kAMlf^e'^ C (%*' + ri^t.oX'^) + h.c. 

+ g f^'^M i^^i irn/' + r^i^ujX^') + h.c. 
+ 2g [x^'Tm\ n^-y r C^ + x^'Tm\ n^^ CC~^' 

+ g Y'^^ [^Jiij^ + i (Fae + i^As) ^ij^] ■ (7.23) 

Upon solving the auxiliary fields Yij^ one obtains an additional contribution to the scalar potential 
of order g^. Without this contribution the scalar potential reads, 

- 2g^k''M k'^N 9AB X^'X^ - lg2 pj^j, /x^/ /x^^'^ . (7.24) 

Upon eliminating the auxiliary fields, the last term in this expression changes into 

- W ^As ^^i3^ ^^'^ -^ -2 g^ [m*-' a + f^t ^i''^] n^^ [^^.e + Feh ^^ir] • (7.25) 

The above expressions are not of definite sign. From the Lagrangians in section [5] one can 
deduce that XvectoD Xhyper and the metrics that appear in the kinetic terms of the physical scalar 
fields should be negative. The latter metrics are proportional to two matrices, Mae and Gab-, 
that should therefore be negative definite. They are defined by 

Mae = X^ector (A^AEiVrn - N^^N^^) X^X- , 

Gab = Xhyper [9AB - XhyperihXAXB + kAijks'^)) ■ (7.26) 
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With these observations we can separate the terms in the potential in positive and negative ones, 

e-^L^^ = -g^ xvector Mas {Tpq^X^X'^) {Trs^X^'X^) 

- 4:g Xvcctor k M k N Gab X X 

- Ig" Xvcctor Mas X^^ V"'t + Fv^ ii'^^'] N^~ [fi^jE + Fea /U^/] 

- 6 g\-o\tor X^'X^ fiijM f^'^N , (7.27) 

where we used that Xhypcr = 2xvcctor, as is imphed by the field equation associated with the 
field D. It then follows that all contributions to Cg2 are negative, with the exception of the last 
term which is positive. This decomposition generalizes a similar decomposition known for purely 
electric charges. 

8 Summary and some applications 

In this paper we presented Lagrangians and supersymmetry transformations for general super- 
conformal systems of vector multiplets and hypermultiplets in the presence of both electric and 
magnetic charges. The results were verified to all orders and are consistent with results known 
in the literature based on both rigidly supersymmetric theories and on superconformal systems 
without magnetic charges. In the presence of magnetic charges the ofF-shell closure of the super- 
conformal algebra is only realized on the Weyl multiplet. The results of this paper establish a 
general framework for studying gauge interactions in matter-coupled N = 2 supergravity. 

In the remainder of this last section we discuss two specific applications to demonstrate the 
consequences of this general framework. The first one discusses full and partial supersymmetric 
solutions in maximally symmetric space-times, and the second one deals with full or partial 
supersymmetric solutions in AdS2 x S*^ space-times. 

8.1 Maximally symmetric space-times and supersymmetry 

In this application we briefly consider the question of full or partial supersymmetry in a maximally 
symmetric space-time. Hence one evaluates the supersymmetry variations of the fermion fields 
in the maximally symmetric background, where only g^,^, ^i", X and Yij can take non-zero 
values, taking into account that the fermion fields transform under both Q- and S-supersymmetry. 
In this particular background, it turns out that the gravitino field strength, R{Q)^u^ (and the 
related spinor x*) is S-invariant. Since its Q-supersymmetry variation is proportional to the field 
L), it immediately follows that Z) = 0, so that the special conformal gauge field takes the value 
(we assume the gauge choice 6^ = 0, which leaves a residual invariance under constant scale 
transformations) , 

// = ii?(e,a;)/- j^e/i?(e,w), (8.1) 

where R{e,uj)^,y"'^ denotes the space-time curvature. 

In what follows it thus suffices to concentrate on the fermions belonging to the vector multiplets 
and the hypermultiplets. We first present their variations in the background, which follow directly 
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from dZl]) and ([22]), 

S^i^'^ = Zij^'^e^ - 2g Tpn^^ X^ X^ Si^e^ + 2 \gn^^" ^Xi^N^^ + 2X^^r,i . (8.2) 

Substituting the equations of motion for the auxihary fields Yij , the variation of the independent 
fermion fields 6Qi takes the following form, 

SQi^ = -2gTNP^X^xP etj e' - 4.gN^^{fi,js + Fsr ^^^j^)e' + 2X\ , (8.3) 

Following the strategy adopted by |42) . we consider only combinations of fermion fields that 
are invariant under S-supersymmetry. To construct S-invariant combinations of these fermions, 
it is convenient to define the following two spinor fields, 






which are both formally invariant under duality when treating the embedding tensor as a spurion. 
Under supersymmetry these two spinors transform equivalently in this background, provided we 
also use the field equation of the field D, which yields Xhyper = 2 Xvector- Indeed one easily derives, 

SnY = Aij e^ + rji = -Ei, 5C"^' , (8.5) 

where the symmetric matrix Aij is given by, 

Aij = -2gx^e\torX''^^iJM. (8.6) 

Here we made use of equations (|5.1ip . 

To make contact with the terms appearing in the potential (|7.27p . we consider the varia- 
tions of three other spinors, which are S-supersymmetry invariant and consistent with duality. 
As it turns out, considering such variations gives important information regarding the possible 
supersymmetric realizations, although it will not yet fully determine whether the corresponding 
solutions will actually be realized. The first two variations are, 

g{^i'^A + FAJ:^i'^^)6[n,^-2X^nJ] = -25=^X*^X^rAf^VVe,fce' 

- 25'(/'a + Fay: ^^''''')N^^{m^ + ^rn m^V 

+ Xvector ^ ^jfc£ J 

gNAj:TMN''x''X^5[a,^ -2X^nY] =2\g^nMN{TpQ''' X^ X<^) {Tns''X^X')e,,e^ 

-45'X^^X^rM^^/i.,pe^ (8.7) 

In deriving this result we made use of identities such as (|5.9|) and (|5.11|) . Furthermore we used 
Jl^^^/ijjA/ /ifcjjv = l^ijApi'ki^ — l^ij^ IJ'kiA = 0, which follows directly from (j5.20p . The third spinor 
variation is based on hypermultiplets, 

g X^Tm'^pA,^ n^^ 6 [C + e'^Ap Q^] = - g^'X^'X^ k^ u k"" n gAB Q 
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— 2gX X Tmn fJ-ijP £■' Cfc 

+ Xvector AjA^'" efc . (8.8) 

Here we made use of the identity, 

Tm"(3A ^a-y Tn"'sAj = ^^ij k M ^AN + TmN fJ-ijP , (8.9) 

which follows from (13.161) . (j3.27p . (j3.32p and (j5.17p . Combining (18. 8p with the two previous 
identities gives, 

[e-^Cg^ 6'j + 3 XvectorA^'^Akj] e^ =0. (8.10) 

This relation requires e~^Lgi to be non-negative, confirming the known result that de Sitter 
space-times cannot be supersymmetric. 

According to [42] one must also consider the symmetry variation of the supercovariant deriva- 
tive of at least one of these spinor fields. Let us, for instance, consider DpVti ^ which transforms 
also under S-supersymmetry. The following combination is then again S-invariant, and changes 
under Q-symmetry according to, 

b{B^Sl^^ - \Ai^^^Sl^^\ = f^'^j^e, - ^AjA^'' ^^eu . (8.11) 

Therefore we must require that the supersymmetry parameters are subject to the eigenvalue 
condition, 

[5'j {R{e, u;)/ - ie/i?(e, w)) - e/ A^^Akj] e^ = . (8.12) 

Combining this result with (]8.10p reproduces the Einstein equation for the maximally symmetric 
space-time, irrespective of whether supersymmetry is realized fully or partially. Observe that full 
supersymmetry requires that A^^A^j oc (5*j. 
The result (I8.10p can also be written as 

[A'Akj - \A^'Aui 5\] e^ = — '- i , (8.13) 

>5 Xvector 

where C~2 pertains to the negative terms in £„2. For full supersymmetry we thus find that C~2 
must vanish, while partial supersymmetry is associated with the smallest eigenvalue of A^^Akj 
and £~2 7^ 0. We refrain from giving more explicit details here, but we briefly consider the 
special case of Minkowski space-time. For partial supersymmetry, the unbroken supersymmetry 
parameter is subject to the condition Aije^ = 0. In this context one can consider the variation of 
yet another spinor, which is invariant under S-supersymmetry, but no longer under duality, 

X^iVAs Sifli^ -2X^nY]= -2 gX^Nj,^ [Tmn"" X^'x"" Sij - 2i^,,-^] e^ 

+ 2 X^Nas [X^ SikS.i A'^' - X^ Aij] e^ . (8.14) 

In the absence of magnetic charges, the first term on the right-hand side vanishes because 
Tmn^X^X^ can be replaced by T^mn^X^^X^ by virtue of the third equation of (fSHT) . 
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which vanishes without magnetic charges, and so does the moment map fiij . Therefore both 
Aije^ and A^^Ej^e vanish, which imphes that Aij vanishes so that supersymmetry must be fuhy 
reahzed. This is in accord with a known theorem according to which N = 2 supersymmetry can 
only be broken to A^ = 1 supersymmetry in Minkowski space in the presence of magnetic charges 
pm [21] [22l [23] \2^ \T8\ . For the abehan gaugings the situation simphfies, and one can show that 
Minkowski solutions with residual A^ = 1 supersymmetry are possible provided that, 

(/UijA + i^AEMy^)e^=0, (8.15) 

with the two terms of the abelian potential vanishing separately (this follows from the first 
equation of ([8^1) and from ^M)), 

X^'X^k^Mk^N9AB=Q, 

(/V + i^AE ii^''')N^^{mT + Fte m^) = • (8.16) 

Without magnetic charges, one can easily verify that residual A^ = 1 super symmetric solutions 
are not possible. 

Apart from this latter result, the above analysis only indicates which supersymmetric solutions 
can, in principle, exist. To confirm that they are actually realized, one has to also examine the 
supersymmetry variations of the remaining fermion fields. This can be done, but we prefer not 
to demonstrate this here. Instead we will discuss this explicitly in the application presented in 
the next subsection, which is less straightforward, and where we will follow the same set-up as in 
this subsection. 

8.2 Supersymmetry in AdS2 x S'^ 

In this second application we consider an AdS2 x S^ space-time background and analyze possible 
supersymmetric solutions. Hence the space-time metric can be chosen equal to. 



ds^ = g^ydz'^dx'' = vi(- r"^ dt^ + -^\ + V2 (d^^ + gin^ 6 d^A , (8.17) 

whose non-vanishing Riemann curvature components are equal to 

Rat- = 2v^'5ab^, R,y"' = -2v^'5,^'^, (8.18) 

so that the four-dimensional Ricci scalar equals R = 2{v^ ~'^2 )• Observe that we used tangent- 
space indices above, where a,b,... label the fiat AdS2 indices (0,1) associated with {t,r), and 
a, 6, . . . label the fiat S'^ indices (2,3) associated with {9,ip). Furthermore the non- vanishing 
components of the auxiliary tensor field are parametrized by a complex scalar w, 

- Tm'^Sij = -i T^z'^Sij = w . (8.19) 
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Using the previous results one finds the following expressions for the bosonic part of the special 
conformal gauge field fj', 

fa- = {U'^vl'+V2') -Id- ±\nj\^)6a^+lR{A)23ea^, 

fa' = i- U^l' +2V^^) -lD + ^\w\^)6a^ + ^i2(A)oi Ea^ , (8.20) 

where the two-dimensional Levi-Civita symbols are normalized by e^^ = e^^ = 1. The non-zero 
components of the modified curvature TZ{M)ab'^'^ are given by, 

^(^)aS-' = \i.D- IR) 5aHi' - \R{Ahz ea^6~,^ - \R{AU Sa^s;^ . (8.21) 

We refer to the appendices presented in ^29j for the general definitions of these quantities, which 
appear in the superconformal transformation rules of the Weyl multiplet fields and are therefore 
needed below. 

Motivated by the maximal symmetry of the two two-dimensional subspaces, we expect the 
various fields to be invariant under the same symmetry. Therefore we will assume that the scalars 
X and Aj" are covariantly constant (for other fields the covariant constancy will be discussed 
in due course). The corresponding integrability condition then requires that the U(l) and SU(2) 
R-symmetry curvatures are not necessarily vanishing, and are related to the curvatures of the 
vector multiplet gauge fields. This result is consistent with the field equations for the R-symmetry 
gauge fields, A^ and V^*j, which lead to the expressions (we again choose the gauge 6^ = 0), 

R{A)^j,u =gXvcctoT'^fj-i^ T^MQ ^pnX^X , 
R{V),.', = - 'i9X^,\,,n^u''l^''M Skj . (8.22) 

Observe that the above equations only contribute for /i,z^ = t,r, or ^,1/ = 0,ip, in view of the 
space-time symmetry. We can rewrite these equations in a different form, which is convenient 
later on, 

R{A)-, = g Xv^ector^;/ [Taq'' + i^AS T^q""] ^p^X^X^ , 
R{V)-J, = - 49Xhie.^;/ [/^^'a + Fas fi'"''] e^, + \ e'^Ak, T^.'""e„n , (8.23) 

where we suppressed all the fermionic terms which vanish in the background and made use of the 
field equations (j7.13p of the tensor fields B^^ a and B^^, m , and of (jS.lip . 

To study supersymmetry in this background, we present the non-vanishing terms in the su- 
persymmetry transformations of the spinors fij and C,°-, 

S^i^ = h'^'^H-,^ e^J e^ - 2g Tnp^ X^X^ e,, e^ - 4 gN^"" {fuj^ + Fsr M*/) e^ + 2 X\ , 
6C = 2gX^' Tm'^pA/ e'^e, + A,^ rf . (8.24) 
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Note that 6Qi has changed as compared to (j8.3p by the presence of the field strength (|7.6p 
(suppressing the fermionic terms, so that 'H~,^ = T-i~jj — ^X r^i,*%jj), while the expression for 
5C," is identical to the one given in ()8.2p . Just as before, we make use of the two spinors ^ and 
QY defined in (|8.4p . The supersymmetry variation of these fields in the given background are, 

<5Cf =e.,(^^\fc + V), (8.25) 

where A^j was defined in ()8.6p . Supersymmetry therefore implies that the terms proportional to 
rsji^v j^^g^ vanish. As it turns out, this condition is just the field equation for Tab\ 

X''NA^n^,^ = 0. (8.26) 

Two additional fermionic variations are, 

b{DSll - iM.^a^'^^] =h'lhe, + iii?(yl);,7''7a6. - |i?(V),V7%ei 

+ i^i,rb,^S''^7aefe - lAijA^'' 7a efc , (8.27) 

where we refer again to the appendices presented in [29] for more details. Observe that we have 
assumed, motivated by the maximal symmetry of the two-dimensional subspaces, that also T^h^ 
and Aij are covariantly constant. 

The consequences of (I8.27P can be expressed as follows^fl 

[D + ^^R)i + [i?(V)23^- - i«(^)23 ^Wl''' e^' =0 , 
[B - \R)i - [2ii?(A)23 8'j + \iwE^^Auj\-i'^^ e^' =0 , 
[yl*'=Afc,e^>liu;e*'=Afc,723]e^-=0, 
(i;f 1 + v^i - \\wf)i - [iiu)^^^efcj + 2i?(V)+3*j + 2ii?(^)+3 b\\-^'^'^e^ = . (8.29) 



Furthermore we note that the covariant constancy of Tab-' and Aij implies the conditions, 

w R{A)^,, = , R{V)^,\, Aj)k = -^R{A)^,, Aij . (8.30) 



An important observation is that both ii?(V)^i/*j (for any /i, u) and e^^Af^j are 2x2 matrices 
that take their value in the Lie algebra of SU(2). However, while the matrices iR{V)^i,^j are 
necessarily hermitian, this is not the case with e A^j, which is in general complex- valued. 

We now turn to possible supersymmetric solutions for this background. We proceed in two 
steps. First we analyze the conditions for supersymmetry, ignoring the transformations (|8.25p . 



^^ There are also charge conjugated equations. For instance, the first equation reads, 

{D + ^i?)e, + [R{y)t3^ + ii?(A)+ 5/]7^^ 6, = . (8.28) 
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This will reveal the possible existence of three distinct classes of supersymmetric solutions, with 
four or eight super symmetries, depending on the values of R{V)^u^j and Aij. The corresponding 
information is summarized in table [3l As a last step we then analyze the transformations (j8.25p , 
which lead to additional constraints. It then follows that one of the classes listed in table [3] is 
actually not realized. In what follows we will decompose the equations (j8.29p in eigenstates of 17^^, 
denoted by e!|_ = |(1 ± 17^^ )e*. Observe that these spinors transform as a product representation 
of the SU(2) isometry group associated with S'^ and the SU(2) R-symmetry. This observation will 
be relevant shortly. Note also that the spinors transform according to e-t* — > ej=p under charge 
conjugation. 

We start by noting that w = will only lead to a supersymmetric solution provided v^ = 0. 
Discarding this singular solution, we thus assume R{A)^i, = 0. Then we consider two classes of 
solutions, denoted by A and B in tabled depending on whether D — ^R vanishes or not. 

For R{A)^y = and D -\R = Q, the equations (j8^ imply, 

w Aij e^ = , 

[i^(V)^3^- - Iv^A^'e,,] 64 = T \{v^' + V2^ - \\w\') A ■ (8.31) 

Let us now assume that Aij ^ 0. In that case e A^j must have a single null vector in order that a 
supersymmetric solution exists. On the other hand, it must commute with the SU(2) curvatures, 
which in this case implies that the R{y)^u''j niust vanish. Supersymmetry then requires that 

vi = V2 and 

wAijei = 0, wA'^ekjei = ±{4:V^^ -l\w\'^)ei^. (8.32) 

These equations have no solution unless Aij = 0. When Aij = and the SU(2) curvatures are 
non- vanishing, one can show that ()8.3ip implies, 

iR{V)23'j ei = ±^Rei , v^^ = ^\w\^ . (8.33) 

This solution, denoted by ^4™, has generically four supersymmetries, two associated with two of 
the spinor parameters e!^, and two related with the charge-conjugated spinors e^^. The two spinors 
of the e!^ must be eigenspinors of both 17^^ and i-R(V)23*j with related eigenvalues. Therefore 
the supersymmetries of class A\2] (and also of class B, as we shall see later) cannot transform 
consistently under the SU(2) isometry group. We will return to this aspect shortly. 

In the special case where both Aij and the SU(2) curvatures vanish, we have v^ = ^2 = 
jq\w\'^. Generically we then have eight supersymmetries. This class is denoted by ^[ij. Here 
the supersymmetries act consistently under the action of both SU(2) groups. This completes the 
discussion of the type-j4 solutions. 

Subsequently we turn to the solutions of class B, where D — ^R ^ and R{A)p^y = 0. This 
class is denoted hy B. In that case the first two equations (|8.29p imply, 

i^(v)23^-4 = ±P + i^^)4> 
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class 


R{V) 


«j 


^'l,^'2 


susy 


^[1] 


Riy) = 


Aij = 


^1 — ^2 — 16 1^1 


4 + 4 


M 


i?(V)23 = 0(^r'-^2"') 


Aij = 


-r^ = i^kiv^2-' 


2 + 2 


B 


i?(V)23^ = -^e^M,, 


= 0{v^^) 


-1 ll l2 


2 + 2 



Table 3: Three classes of supersymmetric solutions. As shown in due course, only the classes Ami 
and B are actually realized. 



With this result, the last two equations then yield the eigenvalue equations, 

1^1 '^J23 3^± 

\w A'^Ekj ei 
Combining these equations leads to, 

w A'^ = -we''' e^^ A^ , 
RiV),,'j=RiV)t;', = '^R{V)23'j 



.34) 






± • 



.35) 



~ ^ Akj ) 



V2W 



ii?(V)23 Vi = + v^' ei , 



.36) 



Just as in class ^4™, these solution have generically four supersymmetries, which cannot transform 
consistently under the action of the SU(2) isometry group. Furthermore, note that the solutions 
become singular in the limit where V^u'j and Aij vanish, so that this class is really distinct from 
the type- A class. 

In view of the fact that the supersymmetry spinors do not always seem to transform consis- 
tently under the action of the SU(2) transformations associated with the S'^ isometries, let us now 
first clarify this issue and turn to a discussion of the Killing spinor equations (in gauge b^ = 0) 
for each of the three classes. These equations take the following form. 



5(7/./ + 7m f^^^O = 2VMe^ + iA^ e' + V/, e^ - e'' [liw -f^^Sj,^ + SkiA^^] 7^ e,- . 



.37) 



where V^ denotes the AdS2 x S'^ covariant derivative. Obviously we may set A^^ and Va = 0. 
For class-A solutions ()8.37p leads to, 

Vae±Tlwe'^'ya€j± =0, 

Va4 + h^a'j 4 + Iwe'^-fa ejT = ' 



^.38) 



where v 



For the solution of class A[i], we may take Va*j = 0, so that we obtain 
the standard Killing spinor equations for AdS2 x S'^. For the A^] solutions, the Killing spinor 



Tel^l 
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equation on S'^ is somewhat unusual, because of the presence of the R-syninietry connection 
whose strength is not related to the size of the 5^. Since we will show later that the type-^r2i 
solutions are in fact not realized, we refrain from further discussion concerning these solutions. 

Hence we proceed to the class-i? solutions. In this case, the Killing spinor equation (j8.37p 
decomposes into, 

Vaeii,Tlwe'^-faej± =0, 

Vae^ + lVa'jei=0. (8.39) 

Because v^ = ^\w\'^, the first equation is the standard AdS2 Killing spinor equation. However, 
the second equation does not coincide with the standard Killing spinor equation on 5^. We 
note that the strength of the R-symmetry connection is proportional to f^ , and is therefore 
also determined by the 5^ radius. To elucidate the situation, let us briefly discuss the relevant 
equations for the unit sphere {v2 = 1). 

We use the standard coordinates 9 and if on S'^, with zweibeine e^ = d^ and e^ = sin6'dc/?, 
and gamma matrices 72 and 73 that satisfy the standard Clifford algebra relation with positive 
signature. The spin connection field in our convention equals lo = w^^ = —uj'^'^ = cos^dc^. 

o o 

Consequently we have that Ve = dg and V(^ = [d^ — ^ cos 6* 7^^). Now we adopt an R- 
symmetry transformation to bring R{V)23^j in diagonal form. In that case we can assume 
V*j = — iA ((T3)*j cosOdip with A some real constant and a^ the diagonal Pauli matrix. This 
leads to the corresponding field strength R{V)23^j = iA (cJa)*^. From the third equation of (|8.36p 
we conclude that |A| = 1 and by an additional R-symmetry transformation we can ensure that 
A = 1. In that case (remember that we put V2 = 1) the supersymmetries are parametrized by 
the parameters e^ and e^. It is now straightforward to verify that these spinors do not depend 
on the S*^ coordinates as a result of the second equation (j8.39p . 

Consequently the supersymmetries do not transform under the isometrics of S'^ , which implies 
that they carry no spin! Along the same lines one expects that also the fields in this background 
will change their spin assignment. The reason that the spin assignments change in this back- 
ground, is that the spin rotations associated with the isometrics of S'^ become entangled with 
R-symmetry transformations, in a similar way as in magnetic monopole solutions, where the ro- 
tational symmetry becomes entangled with gauge transformations [26]. In the superconformal 
context, where one has R-symmetry connections (which in this solution live on 5^), the geomet- 
ric origin of the entanglement is clear. While such conditions on the supersymmetry spinor have 
been obtained previously in the literature for a variety of four- and five-dimensional supersym- 
metric solutions (see, e.g. [l3l dU [351 [271 [28] , this phenomenon seems not to have received special 
attention. 

Finally we must investigate the remaining variations based on (|8.24p . Consider first the 
variation for the fields ^i , which we parametrize as 6i^i = Aij e^ — 2X rji, so that 

Ai,^ = 2 n23%l^'' - 25 Tnp^ X^X'' e^j - 4 gN^^ [fn,^ + Fsr /"«/) • (8.40) 
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Then we consider the variation of two S-invariant combinations, Qi — 2X QJ , and Da{^ — 
2X Q ) — ^i^"^ — "^X A'^^)ja^j , whose vanishing under supersymmetry imply the following 
identities, 

[Ai,^-2X^Aij]e^ =0, 

^^^kA _ 2 xAJ^^k^ (^^^. _ 1 j.^^^^. ^bc^ ^^^3 = Q , (8.41) 

where we assumed that T^^A = in line with our earlier ansatze. Likewise we obtain two 
equations for the hypermultiplets, 

[2 gX^'TM"^ A'^ e,, - A^^A,^] e^=0, 
(2 gX^'TM'^p A,^ e^^ - A,^A^^) [A^, - \n,k, 7^^) 7,e^' = . (8.42) 

We note the presence of a universal factor on the right-hand side of the equation in (j8.4ip and 
(j8.42p . which is proportional to 

Akj - iTbckj 7'' = -eki [e'^^Amj - \iw 7^2 5' j) , (8.43) 

which is the hermitian conjugate of the term that appears at the right-hand side of (I8.37p . 
The equations (I8.4ip and (I8.42P lead to the following six conditions, 

[g Tnp'' X^X"" 6', - 2 5iV^^ e^' (/ife.s + ^sr ;"fc/) - ^^ e^'Ak,] e^ = t 17^23^ 4 , 
[g Tnp'' X^X"" ^^ + 2 giV^^ [^\ + F^r /i^'^ + ^^ ^''] ^k, ei = \^w Ut^^ e\ , 
w {g T^p^ X'^XP b', - 2 ^iV^^e^'^ {fikji, + Fsr /^fc/) - ^^ A^'sk,] ei = 4i n+/ e'^A,,^ 6^ , 

[2 gX^'TM^'-p A'~P £,, - A'^A.j] e^ = , 
[2 gX^^'Tu'^p A,P e"' - A,^A^^\ A^, 6^ = , 
[2 sX^^Tm"/? Ai^ e'^ - Ai^A'^] e^j e^ = . (8.44) 

Let us now consider the various classes of solutions shown in table El First of all the solutions 
of type A, characterized by Aij = 0. From the second equation of ()8.44p it then follows that 
%^y^ = 0. Combining this result with the equations (|8.23p shows that both R{A)^y and R{y)^u^j 
must vanish. This implies that solution A\2^ is not realized. Hence we are left with the fully 
super symmetric solution ^rii- Therefore we proceed by determining the additional restrictions 
for this solution. 

The first, third, fourth and sixth equations of ()8.44p can be written as follows, 

ie'Vfc/ 4 = - \T^P\X^XP - X^XP) e^ , 
iiV^^e''=(2/Xfc,s + (Fsr + Fsr)/ifc/) e^ = ^iT^p'^iX'' X^ + X^X^) e^ , 
X^'fM''^A'^e,je^=0, 

X^TM''pAi^ei=0. (8.45) 
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Since a hermitian matrix must have real eigenvalues, it follows that both sides of the first two 
equations should vanish. Also the factors in the last two equations should vanish, so that 



fJ-ijA = fJ'ij = , 




T^P^X^X^=0, 




X*^Tm"/3A/=0 = 


--X'''Tm''^A,^. 



(8.46) 

Note that £„2 is now vanishing. For electric charges these solutions have already been identified 
in [25]. Without charges this is the well-known solution that arises as a near-horizon geometry 
of BPS black holes. The fact that the moment maps and certain combinations of Killing vectors 
are vanishing does not warrant the conclusion that there is no gauging. One can only conclude 
that the field equations require some of these quantities to vanish for these solutions. 

Now consider the type-i? solution where Aij is non-vanishing. In that case the first three 
equations of (j8.44p lead to two independent equations, 

[g Tnp'' X^X^ 5', - 2 <7iV^^ e^'^ (^^.s + Fsr /xfc/) ] el = T (^a's'' + \wX'^)^±, 
[gT^P^X^X^^^, - 2giV^^e*'=(^fc,s + Fsr/xfc/)] e^ = T i^nt/ " l^^^) 4 • (8-47) 

These equations can be analyzed in a similar way as the corresponding equations in (I8.45p . The 
results are as follows, 

Tnp^X^X^ ={), 

5.^V./ 4 = T ^ [(^2-3^ - ii^^^) - (^2^.^ + ¥^x^)] 4 , 

ge'^^lkjK ei = ± ^ [i^AE {U^^ - \^wX^) - i^AS {Uti^ + \^wX^)] 4 ■ (8-48) 

From (15. 9p . it follows that the first constraint of (18.48P can be generalized to Tmn X X = 0. 
Using also the representation constraint (j5.6p . one reconfirms that R[A)^y, as given in (|8.23p . 
vanishes. The same argument applies to solutions of type ^[ii- Furthermore, as a check one may 
also reconstruct the eigenvalue equation for Aij which shows once more that ()8.26p must be valid. 
One can use the same strategy and determine -R(V)23*j from (j8.23p . making use of ()8.48p with 
Tmn X X = 0. Evaluating this curvature on the supersymmetry parameters, making use of 
the eigenvalue condition for this curvature presented in (j8.36p as well as of ()8.26p , it follows that 

v:^^ = -2x-LorNKT.'H2t'HtF - ikl' ■ (8-49) 



In the first expression on the right-hand side, one can verify, replacing N^^y, by the negative 
definite metric M^g defined in (I7.26P and using ()8.26p . that this expression must be positive, 
which yields an upper bound on |zi;p for given field strengths 7^23 • 
The last three equations of (|8.44p lead to two equations. 



X [Tui'^pAr + Xvcctov^ij ^'^ M Ak°'] = , 
X''' [TM^'pA^P + X-Lor^ij ^^'V ^A:"] = (8.50) 
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From these equations, one derives, upon using (I8.9p . 



g^X^'X^ k^M kAN = j^Xvcctor H^ ■ (8.51) 

The scalar potential in the type-S solutions thus takes the form, 

e-^Cg2 = -2g^ xvector Mas N^^ [^''r + Fm f^''""] N^^ [fUj^ + F^A M*/] 

- ^Xvector kP , (8.52) 

where the first term is negative and the second one positive. We refrain from giving further 
results. 

For a single (compensating) hypermultiplet, which can only have abelian gaugings, we expect 
that one of these type-i? solutions describes the near-horizon geometry of the spherically sym- 
metric static black hole solution presented in [271128]. The result of this paper then ensures that 
this black hole solution has supersymmetry enhancement at the horizon. 
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